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Abstract: Throughout this study, locally rotationally symmetric (LRS) Bianchi type-V space-time
is pondered with Tsallis holographic dark energy (THDE) with the Granda–Oliveros (GO) cut-off
in the Sáez–Ballester (SB) theory of gravity. A parameterization of the deceleration parameter (q)
has been suggested: q = α− β

H2 . The proposed deceleration parameterization demonstrates the
Universe’s phase transition from early deceleration to current acceleration. Markov chain Monte Carlo
(MCMC) was utilized to have the best-fit value for our model parameter and confirm that the model
satisfies the recent observational data. Additional parameters such as deceleration parameter q with
cosmographic parameters jerk, snap, and lerk have also been observed physically and graphically.
The constructed model is differentiated from other dark energy models using statefinder pair analysis.
Some important features of the model are discussed physically and geometrically.

Keywords: Bianchi type-V space-time; Tsallis holographic dark energy; deceleration parameterization

1. Introduction

Available statistics of astronomical data [1–3] reveal that the Universe is expanding
at a faster rate. Its acceleration is driven by an unidentified substance called dark en-
ergy (DE). DE has low pressure and a high energy density (ρ). The Universe is generally
supposed to comprise 4.9% normal matter, 26.8% dark matter (DM), and 68.3% DE. The
cosmological constant Λ is the most straightforward candidate for DE, as it accommodates
the equation of state (EOS) p = ωρ with negative EOS parameter ω = −1. Nonethe-
less, the DE contender has fine-tuning and cosmic coincidence challenges. To address
these issues, various DE alternatives have been presented, such as holographic DE [4–12],
tachyon [13,14], k-essence [15], quintom [16], quintessence [17], phantom [18–22], and
others. Numerous different gravitational theories have been presented in order to compre-
hend the Universe’s current accelerated phase. Starobinsky [23] and Kerner [24] proposed
another way by changing the geometrical element of Einstein’s equation of motion, named
modified gravity theory; f (R); where R is denoted by scalar curvature [25,26]; f (T) theory,
here T denoted by torsion scalar [27–29]; f (G) theory, where G is represented by Gauss–
Bonnet [30,31]; f (R, T) theory [32], wherein R is the Ricci scalar and T is the trace of the
energy–momentum tensor. Scalar–tensor theories of gravity [33,34] and extra-dimensional
theories [35] are various modified theories of gravity. The holographic principle (HP) is
incorporated into cosmology [36,37] to analyze the dark energy composition of the Uni-
verse. The authors of [38] established this idea in the domain of black hole (BH) science,
whereas [39] expanded that to string theory. According to the HP, a system’s entropy varies
not only with its dimension but additionally with its porous structure [37]. This might
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alternatively be interpreted as the degree of freedom (DOF) of a spatial region residing
not throughout the bulk but just at the region’s edge, with the number of DOF per Planck
region being less than unity. A connection among ultraviolet (UV) as well as infrared
(IR) curves has been postulated using this approach, implying that perhaps the scale of
the system really should not transcend the scale associated with the mass of a BH U̇sing
this correlation, Li [37] proposed the HDE density concept ρde = 3c2M2

pl L
−2 where c,

Mpl , and L represent the HDE constant, the reduced Planck constant, and the IR cut-off,
respectively. There was consideration of the lowered Planck constant and the IR cut-off
with M−2

pl = 8πG. Several IR cut-offs have been designed based on the consistency of
HDE with current data, such as the Hubble particles, event horizons, topological age of
the Universe, Ricci scalar, Granda–Oliveros (GO), and higher derivatives of the Hubble
parameter H [37,40–43], among others. The HP proposes a correlation in the context of the
DE issue: ρde is proportionate to the Hubble scale squared, i.e., ρde ∝ H2. Recently, [42,44]
suggested a kind of holographic density ρde ≈ τH2 + ηḢ where τ and η are parameters
that must adhere to the constraints imposed by present observational data. To understand
the present accelerated stage of the Universe, a new HDE called Tsallis HDE (THDE) has
been proposed using Tsallis generalized entropy Sδ = γAδ [45–51], wherein A is the BH
area, γ is an unidentified constant, and δ signifies the Tsallis or non-extensive parameter.
For γ = 1

G and δ = 1, the Bekenstein entropy has been restored. The authors of [52]
created a connection between the system entropy S, IR cut-off L, and UV cut-off Λ as
L3Λ3 ≤ S3/4. Substituting the entropy from Sδ = γAδ and taking the area as A = 4πL2,
we obtain Λ4 ≤ γ(4π)δL2δ−4, where Λ4 represents the vacuum ρ. In accordance with
the HDE concept, Λ4 is assumed as DE’s ρ. Using this inequality, the ρ of the THDE
model is obtained as ρde = DL2δ−4, where D is an unknown parameter [46]. There are
multiple options for the IR cut-off L particularly, such as Hubble length H−1 [53], particle
horizon [54], future event horizon [55], and Granda–Oliveros (GO) cut-off [42,44], etc. The
dimension scale is composed of H and Ḣ in general, i.e., LGO =

(
τH2 + ηḢ

)−1/2, with τ
and η being two dimensionless constants, integrating THDE density and GO magnitude as
ρde = D

(
τH2 + ηḢ

)−δ+2 [42]. The finest values for τ and η are τ ∼ 0.8502 and η ∼ 0.4817
for the flat case [56]. Sáez–Ballester theory (SBT) is one of the numerous adaptations to
General Relativity. It has been demonstrated to be adaptable enough to handle the dark
energy problem while also accommodating reconstructing circumstances [57–59]. SBT also
discussed the Bianchi Cosmology in [58,59] replicating the Universe’s shift from a deceler-
ating to an accelerating phase. Yet, in [59] it was viewed as a basis to explore Tsallis HDE.
Currently, SBT is now assumed to be in agreement with precision cosmology evidence.

This current work investigates the SBT of gravity [34], which is a scalar-tensor idea.
Throughout this theory, the metric is paired with a dimensionless scalar field. Considering
that the scalar field is dimensionless, an anti-gravity domain occurs in this theory [34,60,61].
This theory’s foundation might offer a solution to the vanishing matter conundrum in
non-flat FRW cosmologies. Various studies [62–66] explored the nature of the cosmos
under the SBT of gravity in numerous cosmological models. The investigation of Bianchi
type-V cosmological models seems important in the understanding of the Universe because
these models include isotropic special circumstances that allow for unrestricted degrees
anywhere at the point in astronomical terms. Bianchi V universes are indeed a natural
generalization of the open FRW model that finally become isotropic. Furthermore, at
later stages, this cosmological model tends towards isotropy and therefore enables the
formation of galaxies. We have studied the different forms of deceleration parameters of
several researchers [67–69]. In this paper, we introduce a new form of the deceleration
parameter (there is some recent work considering the parameterization of the deceleration
parameter [70–73]) in SB theory in the framework of Bianchi type-V space–time with a new
deceleration parameter q = α− β

H2 in SB gravity, where α, β, and H are negative constants,
positive constants, and the Hubble parameter, respectively. This paper is organized as
follows: Section 2 is devoted to metrics that describe the geometry of the Universe and
its field equations. Section 3 contains the solutions to the field equations. In Section 4, the
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best-fit value of the free parameter is found using H(z), pantheon, and baryon acoustic
oscillations (BAO). The cosmographic parameter is discussed in Section 5. The statefinder
diagnostic is covered in Section 6, and Sections 7 and 8 cover energy conditions and the
Om diagnostic, respectively. Section 9 concludes the study with results and remarks.

2. Basic Equations Governing the Model

The anisotropic and spatially homogeneous Bianchi type-V space–time is given by

ds2 = dt2 − A2dx2 − B2e2x
(

dy2 + dz2
)

(1)

wherein cosmic scale factors A and B are solely function of cosmic time t. In (1986), Sáez and
Ballester [34] proposed a scalar–tensor theory of gravity, known as the Sáez–Ballester theory.
In this theory, the metric is coupled with a dimensionless scalar field in a different way.
This coupling provides a reasonable description of the weak field in which an accelerated
expansion regime reflects further.

The Sáez–Ballester Lagrangian is a type of scalar–tensor theory that was proposed as
a modification of the Brans–Dicke theory. It is given by:

L =
1

16πG

[
φR−ω(φ)(∂φ)2

]
−V(φ) (2)

where φ is a scalar field, R is the scalar curvature, G is the gravitational constant, ω(φ) is
a function of the scalar field that determines the strength of the scalar field coupling to
matter, and V(φ) is the scalar field potential.

To write the Sáez–Ballester Lagrangian in terms of standard scalar–tensor theory, we
need to make some modifications. Specifically, we need to express ω(φ) in terms of a
new scalar field, Φ, and then rewrite the Lagrangian in terms of Φ. This can be done by
introducing a conformal transformation of the metric:

g′µν = Ω2gµν (3)

where Ω = e
√

2/3Φ and gµν is the original metric. This transformation maps the Sáez–
Ballester Lagrangian to a new Lagrangian in terms of Φ:

L′ =
1

16πG

[
R−

2g′µν∂µΦ∂νΦ
3Ω2

]
−V(φ) (4)

Note that the new Lagrangian has a canonical kinetic term for the scalar field Φ, and
the coupling between the scalar field and matter is determined by the function ω(φ), which
can be expressed in terms of Φ as:

ω(Φ) =
3
2

[
d ln Ω

dΦ

]2
− 3

2
(5)

Substituting this expression into the Lagrangian, we obtain the Sáez–Ballester La-
grangian in terms of standard scalar–tensor theory:

L =
1

16πG

[
R−

2g′µν∂µΦ∂νΦ
3Ω2

]
−V(φ)− 1

16πG
ω(Φ)g′µν∂µψ∂νψ (6)

where φ is the scalar field, R is the scalar curvature, G is the gravitational constant, Φ is
the new canonical scalar field, ω(Φ) is a function of the scalar field that determines the
strength of the scalar field coupling to matter, ψ is the matter field, and Ω = e

√
2/3Φ is

the conformal factor. The revised Einstein field equations in Sáez–Ballester of standard
scalar–tensor theory can be obtained by varying the action S =

∫
d4x
√−gL with respect to

the metric gµν. This yields:



Symmetry 2023, 15, 1238 4 of 18

Gµν =
8πG

c4 Tµν +
1
φ

∂µφ∂νφ− 1
2

gµν

[
1
φ

∂ρφ∂ρφ + V(φ)

]
+

1
Ω2

[
∂µΦ∂νΦ− 1

2
gµν∂ρΦ∂ρΦ

]
(7)

where Gµν is the Einstein tensor, Tµν is the stress-energy tensor of matter, c is the speed
of light, φ is the scalar field, Φ is the new canonical scalar field, V(φ) is the scalar field
potential, and Ω = e

√
2/3Φ is the conformal factor. Note that the presence of the scalar

field φ and the new scalar field Φ in the Einstein field equations leads to modifications of
the standard Einstein equations, reflecting the additional degrees of freedom present in
scalar–tensor theories.

T̄µν = ρmuµuν (8)

Ṫuv = (pde + ρde)uµuν − pdegµν (9)

where ρm and ρde are the energy density of DM and THDE, correspondingly.

Tµν = T̄µν + Ṫµν (10)

The equation is fulfilled by the scalar field ϕ,

2ϕn ϕ
,µ
µ + nϕn−1 ϕ,k ϕ,k = 0 (11)

in which the semicolon and comma represent covariant and partial derivative with regard
to cosmic time t. The revised EFE and scalar field equation in moving coordinates results
in the subsequent set of equations of motion as

2
B̈
B
+

Ḃ2

B2 −
1

A2 −
ω

2
ϕn ϕ̇2 = −ωdeρde (12)

Ä
A

+
B̈
B
+

ȦḂ
AB
− 1

A2 −
ω

2
ϕn ϕ̇2 = −ωdeρde (13)

2
ȦḂ
AB

+
Ḃ2

B2 −
3

A2 +
ω

2
ϕn ϕ̇2 = ρm + ρde (14)

Ȧ
A
− Ḃ

B
= 0 (15)

ϕ̈ + ϕ̇

(
Ȧ
A

+ 2
Ḃ
B

)
+

n
2

ϕ̇2

ϕ
= 0 (16)

in which the above dot (.) signifies the derivative with respect to cosmic time t. One gets it
by integrating Equation (15) and supposing the integrating constant is unity.

A = B (17)

One can get the following set of independent field equations by substituting Equation (17)
into Equations (12)–(14) and (16).

2
Ä
A

+
Ȧ2

A2 −
1

A2 −
ω

2
ϕn ϕ̇2 = −ωdeρde (18)

3
Ȧ2

A2 −
3

A2 +
ω

2
ϕn ϕ̇2 = ρm + ρde (19)

ϕ̈ + ϕ̇

(
3

Ȧ
A

)
+

n
2

ϕ̇2

ϕ
= 0 (20)
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3. Solutions of Field Equations

The parameter V denotes the spatial volume.

V = a3 = A3 (21)

Here, a is denoted by the average scale factor. The THDE density in terms of the GO
cut-off is described as in [42]. There are multiple options for the IR cut-off L such as Hubble
length, particle horizon, future event horizon, GO cut-off, etc. In this work, THDE density
in terms of GO cut-off is

ρde = D
(

τH2 + ηḢ
)−δ+2

(22)

Furthermore, a new deceleration parameter q has been proposed:

q = α− β

H2 (23)

where in H denotes the Hubble parameter and α and β denote negative and positive
constants.The authors of [74–77] discuss the underlying reasoning for adopting such an
assumption. Scale factor a(t) could be derived by integrating Equation (23) and utilizing
the definition of deceleration parameter q = −ä

aH2 .

a = A =

[
sinh

{
(
√
(1 + α)β)t + t0

}] 1
1+α

(24)

with t0 being an integrating constant; H and q are the Hubble and deceleration parameters,
correspondingly.

H =

√
β

1 + α
coth

{
(
√
(1 + α)β)t + t0

}
(25)

H(z) =

√
β

1 + α

[
(1 + z)2(1+α) + 1

]1/2
(26)

H(z) = H0

[
1
2

{
(1 + z)2(1+α) + 1

}]1/2
(27)

and

q = α− (1 + α) tanh2
{
(
√
(1 + α)β)t + t0

}
(28)

The THDE density ρde is obtained as

ρde = D
[(

τβ

1 + α

)
coth2

{
(
√
(1 + α)β)t + t0

}
− ηβ csch2

{
(
√
(1 + α)β)t + t0

}]2−δ

(29)
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Integrating Equation (20) and using the value of A from Equation (24), the scalar field
ϕ acquired as

ϕ
n+2

2 = c1

(
n + 2

2

) ∫ dt[
sinh

{
(
√
(1 + α)β)t + t0

}] 3
1+α

+ c2 (30)

wherein c1 and c2 represent integrating constants. The EOS parameter ωde and the matter-
energy density ρm could be derived via Equations (18) and (19) as

ρm =

(
3β

1 + α

)
coth2

{
(
√
(1 + α)β)t + t0

}
− 3[

sinh
{
(
√
(1 + α)β)t + t0

}] 2
1+α

+
ωc2

1

2
[
sinh

{
(
√
(1 + α)β)t + t0

}] 6
1+α

− ρde

(31)

pde = ωdeρde = 2β csch2
{
(
√
(1 + α)β)t + t0

}
−
(

3β

1 + α

)
coth2

{
(
√
(1 + α)β)t + t0

}
+

1[
sinh

{
(
√
(1 + α)β)t + t0

}] 2
1+α

+
ωc2

1

2
[
sinh

{
(
√
(1 + α)β)t + t0

}] 6
1+α

(32)

ωde =
1

ρde
[2β csch2

{
(
√
(1 + α)β)t + t0

}
−
(

3β

1 + α

)
coth2

{
(
√
(1 + α)β)t + t0

}
+

1[
sinh

{
(
√
(1 + α)β)t + t0

}] 2
1+α

+
ωc2

1

2
[
sinh

{
(
√
(1 + α)β)t + t0

}] 6
1+α

]
(33)

4. Data Analysis
4.1. Data Description

In this section, the model parameters are constrained using three different forms of
observational datasets. We used the H(z) datasets of 57 observations, the Pantheon dataset
of 1048 measurements, and 17 uncorrelated BAO measurements to get the best value for
the suggested model parameters. Open-source tools Polychord [78] and GetDist [79] are
used to build the Markov chain Monte Carlo (MCMC) [80]. The total χ2 function of the
H(z) + Pantheon + BAO combination is defined as

χ2
tot = χ2

H(z) + χ2
SN + χ2

BAO. (34)

4.1.1. H(z) Dataset

A large number of observational datasets must be employed to achieve considerable
restrictions on the model parameters. In this research, H(z) observations are used to limit
the model parameters. In general, Hubble data may be calculated by calculating the BAO
in the radial direction of galaxy clusters [81] or by the differential age technique, which
additionally yields the redshift dependence of the Hubble parameter as

H(z) = − 1
1 + z

dz
dt

, (35)

wherein dz/dt is calculated proportionally using two moving galaxies. The study uses 57
Hubble readings, which cover a redshift range of 0.07 6 z 6 2.42, to estimate the model’s
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parameters. The chi-square function is used to compare the theoretical predictions of the
model with observations.

χ2
H =

57

∑
i=1

[Hth(zi, )− Hobs(zi)]
2

σ2
H(zi)

, (36)

where Hth , Hobs, and σH(zi)
denotes the model prediction, observed value of Hubble rate,

and standard error at the redshift zi, respectively. The Hubble function numerical values
for the appropriate redshifts are shown in [73].

4.1.2. Pantheon Dataset

The measurement of type Ia supernovae (SNIa) allows us to determine cosmic ex-
pansion. SNIa have shown to be one of the most effective approaches for understanding
the nature of dark energy so far. Many supernova datasets have been generated in recent
years [82–86]. The Pantheon sample had been recently updated [87]. The former dataset
comprises 1048 spectroscopically validated SNIa spanning the 0 < z < 2.3 redshift range.
SNIa are also astronomical objects that serve as reference candles for calculating relative dis-
tances. As a result, SNIa samples are mixed with the distance modulus µ = m−M, where
m represents the apparent magnitude of a single SNIa. The SNIa measures’ chi-square is
given by

χ2
SN = ∆µT ·C−1

SN · ∆µ (37)

where CSN is represented by a covariance matrix, and ∆µ = µobs − µth, where µobs signifies
the measured distance modulus of a certain SNIa. The theoretical distance modulus is
represented as µth and calculated as

µth(z) = 5 log10
DL(z)

(H0/c)Mpc
+ 25, (38)

Thus, H0 corresponds to the present Hubble rate, and c indicates the speed of light. The
luminosity distance, DL, is defined for the flat Friedmann–Lemaitre–Robertson–Walker
(FLRW) Universe as described in the following:

DL(z) = (1 + z)H0

∫ z

0

dz′

H(z′)
. (39)

Although free parameters are limited at the same time, i.e., by utilizing the Pantheon sample,

χ2
SN = ∆µT ×C−1

Pantheon × ∆µ.

4.1.3. Baryon Acoustic Oscillations

We picked 17 BAO [88] measures from the largest BAO dataset of 333 measurements
because considering the whole catalog of BAO might result in considerable inaccuracy
because of data correlations; therefore, we chose a representative subset to minimize errors.
Transverse BAO experiments produce measurements of DH(z)/rd = c/H(z)rd with a
comoving angular diameter distance [89,90].

DM =
c

H0
Sk

(∫ z

0

dz′

E(z′)

)
, (40)

where

Sk(x) =


1√
Ωk

sinh
(√

Ωkx
)

if Ωk > 0

x if Ωk = 0
1√
−Ωk

sin
(√
−Ωkx

)
if Ωk < 0.

(41)
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We also consider the angular diameter distance DA = DM/(1 + z) and DV(z)/rd.
These correspond to the combination of the BAO peaked coordinates and the sound
horizon rd at the drag epoch. Furthermore, we could immediately derive “line-of-sight” (or
“radial”) observations from the Hubble parameter.

DV(z) ≡
[
zDH(z)D2

M(z)
]1/3

. (42)

5. Cosmography

The parameters indicating deceleration q, jerk j, snap s, and lerk l will be addressed in
succession. They can be derived by taking the Hubble parameter’s derivative.

5.1. Deceleration Parameter

The deceleration parameter (DP) q quantifies the rate at which the inflation factor
slows down. A positive q number reflects the usual decelerating model, whereas a negative
q value predicts inflation.

q =
(α + 1)(z + 1)2α+2

(z + 1)2α+2 + 1
− 1 (43)

5.2. Jerk Parameter

The jerk parameter j is defined as

j =
...
a

aH3 . (44)

For our model, the jerk parameter j takes the form

j =
α(2α + 1)(z + 1)2α+2 + 1

(z + 1)2α+2 + 1 (45)

5.3. Snap Parameter

The snap parameter s is defined as

s =
a4

aH4 . (46)

For our model, the snap parameter s takes the form

s = − (2α− 1)(α + 1)2

2(z + 1)2α+2 + (z + 1)4α+4 + 1
+

2α(4α + 1)(α + 1)
(z + 1)2α+2 + 1

− α(2α + 1)(3α + 2) (47)

5.4. Lerk Parameter

The lerk parameter l is defined as

l =
a5

aH5 . (48)

For our model, the lerk parameter l takes the form

l =
(2α(8α + 1) + 1)(α + 1)2

2(z + 1)2α+2 + (z + 1)4α+4 + 1
− 10α(2α + 1)2(α + 1)

(z + 1)2α+2 + 1

+ α(2α + 1)(3α + 2)(4α + 3)
(49)

Snap and lerk parameters give helpful directions for the emergence of sudden future
singularities [91].
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6. Statefinder Parameters

Although distinct DE models share the identical current value of the deceleration
and Hubble parameters, those parameters cannot distinguish across DE models [92]. For
this purpose, we introduce two dimensionless parameters r and s, as well as merging the
Hubble and deceleration parameters, which are represented as

r =
...
a

aH3 (50)

s =
r− 1

3
(

q− 1
2

) (51)

The fixed point (r, s) = (1, 0) represents ΛCDM; (r, s) = (1, 1) represents the standard
cold dark matter (SCDM) model; and s > 0 and r < 1 represent the region of phantom and
quintessence DE eras.

In this model, {r, s} parameters take the form

r =
α(2α + 1)(z + 1)2α+2 + 1

(z + 1)2α+2 + 1
(52)

s =
2
(
2α2 + a− 1

)
(z + 1)2α+2

3(2α− 1)(z + 1)2α+2 − 9
(53)

The first statefinder parameter r is also known as jerk parameter j. Almost all current
cosmological observations [92] can be summarized as j = 1.

7. Energy Conditions

The energy conditions are fundamental concepts used to understand the behavior of
geodesics in the Universe, and they can be derived from the Raychaudhuri equations. In the
literature, there are different energy conditions that are expressed as linear combinations of en-
ergy density and pressure. These include the weak energy condition (WEC), dominant energy
condition (DEC), and strong energy condition (SEC) [93–96]. Researchers have extensively
studied energy conditions in various theories of gravity, and their implications have been
investigated by different authors [97,98]. The WEC, DEC, and SEC represent different criteria
based on the relationship between energy density and pressure in a given physical system.

ρde ≥ 0 (54)

ρde + pde ≥ 0 (55)

ρde + 3pde ≥ 0 (56)

The WEC was utilized to restrict the Universe’s expansion history [99–105]. The WEC
additionally tells us that the energy density is not only non-increasing but also positive.
The dominant energy condition (DEC) is useful in proving the positive mass theorem [106].
The Hawking Penrose singularity conjecture is based on SEC [107]. Again, ωde =

pde
ρde

< −1
for phantom DE models. This implies that ρde + pde < 0. The authors of [18,108] pointed
out that Condition 2 is violated. They [18,108] also investigated phantom DE models and
explored that phantom DE models violate both Conditions 2 and 3. The energy conditions
for our model are represented in Figure 1. WEC (orange line) is satisfied whereas DEC (red
line) and SEC (purple line) are violated.
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Figure 1. Evolution of energy condition parameter in terms of redshift.

8. Om Diagnostic

This refers to a geometrical formalism in which the Hubble parameter yields a null
test for the ΛCDM model [109]. The Om diagnostic also efficiently differentiates several DE
models from ΛCDM by the slope variation of Om(z). A quintessence or phantom model
can be acquired through either a positive or negative slope of the diagnostic parameter,
respectively. Furthermore, a constant slope with respect to redshift depicts a DE model
corresponding to the cosmological constant. For a flat universe, one can define Om(z) as

Om(z) =

(
H(z)
H0

)2
− 1

(1 + z)3 − 1
. (57)

For this model, Om(z) is obtained as

Om(z) =
(z + 1)2α+2 − 1
2((z + 1)3 − 1)

(58)

The slope variation of Om(z) versus redshift is shown in Figure 2. For the obtained
model, for the whole redshift range, the model stays in the quintessence region as the value
of Om stays positive.

-1 0 1 2 3 4 5

0.2

0.3

0.4

0.5

Z

O
m
(z
)

Model

Figure 2. Evolution of Om diagnostic profile.
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9. Conclusions and Results

Figure 3 shows the 1σ and 2σ confidence contours obtained from using the H(z) +
SC + BAO dataset, and Figures 4 and 5 show curve fitting of the model with 57 Hubble
measurements and 1048 type 1a supernova with 1σ and 2σ errors bands and the standard
ΛCDM paradigm. Figure 6 indicates the redshift-dependent deceleration parameter using
the best-fit value of the model parameter, suggesting that the Universe is evolving out
of an early matter-dominated stage toward the de Sitter phase q = −1 as t → ∞. The
best fit-values of MCMC model are given in Table 1. The cosmographic parameter can
be observed in Figures 7–9. Figures 10 and 11 show trajectories of the s− r plane initiate
at the ΛCDM fixed point (r = 1, s = 0) and, eventually, both profiles show the model
stays in quintessence. In Figure 1, WEC is fulfilled, whereas DEC and SEC are breached,
according to an examination of energy conditions. The infringement of DEC and SEC
shows that our Universe is saturated with phantom fluid and that exotic stuff exists, as
studied by [110]. From Figure 12, we see that the EoS parameter starts with a positive value
in the past, remains negative as z → 0, and finally attains the value −0.962 as z → −1,
again suggesting the presence of dark energy. Figure 2 shows the Om diagnostic profile of
the obtained model, indicating it stays in the quintessence region.

The spatially homogenous and anisotropic Bianchi type-V space–time in the Sáez–
Ballester theory of gravity is being studied in this paper. A new deceleration parameter
parameterization with GO cut-off was proposed. Cosmological quantities were explored in
conjunction with the cosmographic parameter. Energy conditions, stability, and statefinder
analysis were also covered. The MCMC approach was used to constrain the model parame-
ters using H(z) datasets, Pantheon datasets, and BAO datasets. The obtained cosmological
model may become a mathematically viable alternative. It might also provide new insights
and a deeper understanding of the complex link among mathematical notions, frameworks,
and physical reality.

65 66 67
H0

0.22

0.24

0.26

0.28

0.22 0.24 0.26

H(z) + SC + BAO

Figure 3. This figure corresponds to 1σ and 2σ confidence contours obtained from H(z) + SC + BAO
dataset obtained for the emergent model.
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Figure 4. Theoretical curve of Hubble function H(z) of the model shown with a red line and ΛCDM
model shown with a black dotted line with Ωm0 = 0.3 and ΩΛ = 0.7, against H(z) measurements
shown in blue dots with their corresponding error bars with 1σ and 2σ error bands.
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Figure 5. Theoretical curve of distance modulus µ(z) of the model shown with a red line and ΛCDM
model shown with a black dotted line with Ωm0 = 0.3 and ΩΛ = 0.7, against type Ia supernova data
shown with blue dots with their corresponding errors bars with 1σ and 2σ error bands.
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Figure 7. Evolution of jerk parameter with respect to redshift.
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Figure 9. Evolution of lerk parameter with respect to redshift.
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Table 1. MCMC Results.

Model Parameters Best-Fit Value

Model 1 H0 65.922882+0.368984
−0.368984

α 0.245918+0.011007
−0.011007
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