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A B S T R A C T

The recent development of knowledge in fractional calculus introduced an advanced superior
operator known as fractal–fractional derivative (FFD). This operator combines memory effect
and self-similar property that give better accurate representation of real world problems through
fractal–fractional differential equations (FFDEs). However, the existence of fresh and modern
numerical technique on solving FFDEs is still scarce. Originally invented for machine learning
technique, artificial neural network (ANN) is cutting-edge scheme that have shown promising
result in solving the fractional differential equations (FDEs). Thus, this research aims to extend
the application of ANN to solve FFDE with power law kernel in Caputo sense (FFDEPC)
by develop a vectorized algorithm based on deep feedforward neural network that consists
of multiple hidden layer (DFNN-2H) with Adam optimization. During the initial stage of
the method development, the basic framework on solving FFDEs is designed. To minimize
the burden of computational time, the vectorized algorithm is constructed at the next stage
for method to be performed efficiently. Several example have been tested to demonstrate
the applicability and efficiency of the method. Comparison on exact solutions and some
previous published method indicate that the proposed scheme have give good accuracy and
low computational time.

1. Introduction

Over a last few decades, the emerging concept of fractional derivatives and integrals in a new topic known as Fractional Calculus
(FC) has give remarkable history in various field of studies. Some of real world applications have appeared during its early peak
of development such as modelling in viscoelastic materials, feedback amplifier design, electrical circuits involving resistors and
capacitors, electroanalytical chemistry, electrical conductance of membranes of cells in biological organisms, diffusion that can be
found in [1,2]. As time goes through year by year, abundance of new applications of FC have been discovered in science and
engineering which highlighted through comprehensive review paper prepared by [3]. The ability to described the dependency of
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any present event or process is based on the entire history in the past starting from the initial time or can be term as memory effect,
is one of the main reason that this concept is spanning over in modelling various higher order dynamics and complex nonlinear event
compared to standard Leibniz’s derivative [4]. Ones can benefit this feature by manipulating the order of fractional operator from
integer to non-integer which clearly provide a better degree of freedom when analysing certain mathematical models of interest.
There are three most influential fractional operators in FC, often categorized through its kernel representation such as power law
kernel with singular type that associate with Riemann–Liouville and Caputo fractional operator, exponential decay law kernel with
non-singular type that associate with Caputo–Fabrizio fractional operator and generalized Mittag-Leffler law kernel with non-singular
type that associate with Atangana–Baleanu fractional operator.

The implementation of these fractional operators involving fractional differentiation in fractional differential equations (FDEs)
ave been proven on giving accurate representation in mathematical modelling of real world problem [5–9]. In spite of this
nnovative idea, there exists another concept that extend the notion of Leibniz regarding on standard local derivative that scaled
ith integer dimension to a new metric time–space that scaled with non-integer dimension, known as fractal derivative [10,11].
his differential operator have been used in anomalous diffusion which frequently occurs mostly in soft matters or porous (fractal
edia) such as glass, oil, various of porous media including aquifer and turbulence, in which the macromolecules are grouped

ogether in non-lattice and porous mesostructures. The necessity of fractal derivative is due to the existence of interactions and
otions between these macromolecules could give a huge impact in a variety of physical behaviours such as inertial effects and

xternal forces. As the current physical law such as Fick’s Law, Darcy’s Law and Fourier’s Law are designed in classical derivative
hrough rate of change in concept of classical derivative, the process of anomalous diffusion are not well-measured or described
hrough this concept. Thanks to the author in [10], an excellent theory of fractal derivative found out to be effective on capturing
hose complex process. Other applications of fractal derivative have been studied in several works [12,13].

Differ from fractional derivative, fractal derivative is a local operator while the former is a global operator. Both operator have
lays significant role in applications such as modelling of diffusion using differential equation where fractal differential equation
anifest the stretched Gaussian process while fractional differential equation portray Lèvy process [11]. Realizing the capability of

hese two different concept in application, a new concept of differentiation was further introduced just recently by Abdon Atangana
nown as fractal–fractional derivative (FFD) [14]. This derivative is combination of two earlier concept which are fractal derivative
nd fractional derivative that consists of two types of order which are fractional-order and fractal-order. The author proposed the FFD
ased on two version which are Riemann–Liouville sense and Caputo sense with power law kernel (FFDPRL/FFDPC), exponential
ecay law kernel (FFDERL/FFDEC) and Mittag-Leffler law kernel (FFDMRL/FFDMC). This novel derivative seems to be a simple
odification in theoretically, but, it give a huge success in delivering accurate description process in modelling of disease [15–17],

haotic system [18,19] and economy [20] through fractal–fractional differential equations (FFDEs).
Much efforts have been devoted by various researchers to find the solution of FFDEs in order to understand and predict the

ature’s complexities. In fact, most of the methods derive for solving an ordinary FDEs are extends to solve FFDEs to suit with the
heoretical features lies behind the FFD operator. In spite of introduced the new concept called FFD, Atangana [14] provided the
umerical approximation for it by first changing the existence of fractal derivative in the operator into an equivalent form that
onsists of classical derivative. The classical derivative then can be approximated using any numerical differentiation such as first
rder approximation. The authors also introduced fractal–fractional integral (FFI) based on power law kernel, exponential decay
aw kernel and Mittag-Leffler law kernel. Two different methods was presented to approximate FFI which are 3/8 Simpson rule
nd Boole’s rule. The method presented have been applied to simple FFDEs and applications at the Darcy scale describing flow in a
ual medium. Atangana and Qureshi [21] presents three numerical schemes for FFDEs with different kernels in Riemann–Liouville
ense to illustrate various type of chaotic dynamical systems such as Chen attractor, Lu Chen attractor, Modified Lu Chen attractor
nd Modified Chua chaotic attractor. They first convert the system into Volterra integral equation and replace the RL derivative
nto Caputo derivative to make use the integer initial condition. The numerical scheme then successfully develop by make use the
wo-point Lagrange piecewise interpolation technique for all FFDEs with different kernels.

The previous techniques has been expanded for various work afterwards in investigating the effect of varying the order
f fractional derivative and fractal derivative in applications such as competition system involving banks in Indonesia [22],
odelling of memristor [23], modelling the COVID-19 disease in Pakistan [24], modelling of vaccine model of COVID-19 [16],

nd modelling of Brusselator [25]. Abro and Atangana [18] extend the classical Adam–Bashforth–Moulton method to investigate
he hyperchaos, abrupt chaos and coexisting attractors in meminductor and memcapacitor through FFDEs with Caputo–Fabrizio
perator. Through different type of polynomial, Mekkaoui et al. extend the predictor–corrector method to solve FFDEs using the
ewton polynomial [26]. However, the work proposed by the author are quite cumbersome compared with the usual approach

hat using Lagrange polynomial. Rayal and Verma [27] extend the use of wavelet methods by make use fractional-order Legendre
avelets and collocation methods for solving pantograph FFDEs. A widely used operational matrix method in solving FDEs are
lso have been found to be extend in some works that aims to solve FFDEs. An operational matrix of FFD using shifted Chebyshev
olynomials on solving nonlinear Ginzburg–Landau equation in Riemann–Liouville sense has been developed by Heydari et al. with
he aid of collocation scheme [28]. Recently, Shloof et al. [29] develop a novel operational matrix of solving FFDEs with generalized
aputo fractional derivative using shifted Legendre polynomials. The main contribution of this work lies on the inclusion of fractal
erivative in generalized Caputo derivative, resulting three different orders on the operator.

In delivering the methods for solving differential equations with the involvement of new fractal–fractional operator, the same
tyle of extending the classical numerical scheme for integer-order differential equation to FDEs as have been reviewed recently is a
ommon approach for this situation. Looking into different angles, this research intends to widen the scope of producing numerical
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known as artificial neural network (ANN) to solve various type of integer-order differential equations. This technique is originally
developed in machine learning and has ability to approximate nonlinear behaviour of functions [31]. Due to this characteristic,
the previous author design ANN with one hidden layer to approximate the solution of integer-order differential equations using
optimization techniques to train the network, whose weights and biases are changed to minimize the appropriate error function.
The technique gains numerous enticing aspects through the use of this novel approach such as the governing solution that can be
referred as approximate solution (AS) is differentiable and closed analytic form that ease us to proceed for any further subsequent
calculations, the AS have good generalization properties and the method is general which can be applied to single equation or
system of equation of differential equation [30,32,33]. Another huge advantage of this technique is lies on its ability to skip the
repeating the process on finding AS within the discretized point. In standard numerical technique, we only get the AS at discretized
point based on the step size that we fix before run the computation. If we need to find the AS at other different points, we need
to fix the step size and run the process again. It is clearly impractical and not efficient, but not for ANN which is the other way
around.

The journey of expanding ANN to be a part of numerical technique in finding solution of differential equations has shown
ajor success through various improvement in terms of network architecture and optimization procedure. Raja et al. [34] design
nsupervised fractional neural network with one hidden layer using second-order optimization technique known as interior point
lgorithm for solving Bagley–Torvik equation in Caputo sense. The proposed method give AS to be accurate not only compared for
NN with stochastic optimizer but also analytical technique such as variational iteration method. Pakdaman et al. [33] extend the

ramework from Lagaris to solve linear and nonlinear FDEs in Caputo sense using ANN with one hidden layer by make use BFGS
ptimization method to train the network. Panghal and Kumar [35] present deep feedforward neural network (DFNN) to solve
elay and system of delay integer-order differential equation. In their work, they try to compare the result of absolute error of AS
ith three different hidden layer in the network. The results indicate that DFNN with two hidden layer give AS the best accuracy

o the solution of the differential equation compared to network with one and three hidden layer. T.T. Dufera [36] developed
ectorized algorithm to solve system of integer-order differential equation. The framework is similar to Lagaris, but they concern on
levating the performance of the DFNN to the network by compute the forward propagation in one time and implement automatic
ifferentiation for fast computation of first-order derivative. Shloof et al. [37] then attempts to use ANN with one hidden layer to
olve FDEs with newly fractal–fractional operator in generalized Caputo sense. Babu et al. [38] provide a new approach based on
uaternion-valued neural networks on solving FFDEs with time-delays. Admon et al. [39] extends the work from T.T Dufera by
mplement vectorized algorithm to solve linear and nonlinear FDEs in Caputo sense. The authors investigate the roles of hidden
ayer, number of neurons and learning rate in first-order optimization technique towards the accuracy of the FDEs. They found out
eep ANN with two hidden layers with reasonable choice of number of neurons and learning rate can increase the accuracy of the
DEs.

The motivation of our works lies on the roles of hidden layer to the accuracy of FDEs. In aspect of machine learning
pplication, the addition of hidden layer have proved to give dramatic improvement in computer vision, image processing, pattern
ecognition and cybersecurity [40–42]. In terms of mathematical research, it also has been shown that through the work done
n [35,36,39], the addition of hidden layer are capable to improve the accuracy of FDEs in Caputo sense. Thus, this work intends
o implement DFNN with two hidden layers (DFNN-2HL) to solve FFDE with power law kernel in Caputo sense (FFDEPC) using
dam optimization technique. To the best of our knowledge, there is no work related to DFNN to solve this kind of FFD operator.
e focuses on improving the performance of the computation by implementing vectorization algorithm to reduce the burden of

omputation in looping for evaluating forward propagation and evaluation of nonlocal FFD operator for the first time. The Adam
ptimization technique is chosen compared from others optimization technique because it has simple implementation and low
emory consumption. It also make use the adaptive learning mechanism compared from other class of first-order optimization

echnique that using adaptive learning rate parameter which can be adjusted in response during the training process of the
etwork parameters. Another new innovation that considered in this work is the adjustment of the network parameters during the
raining process are selective. This approach is totally new not only in the research of ANN in mathematics, but also in traditional
mplementation of ANN. The motivation of this approach is based on extreme learning machine algorithm that are adjusted at only
eights that coming from hidden layer to the output layer [43].

The article organized as follows: in Section 2, we review some important definitions on fractal–fractional derivative with the
ower law kernel in Caputo sense and briefly discussed the architecture of ANN used in this research. In Section 3, we present how
o solve FFDEPC using the new proposed scheme in two stage which are basic framework and the vectorized algorithm. To validate
ur newly proposed scheme, we use several linear and nonlinear examples of FFDEPC by observing its absolute error and comparison
ith other method available in literature in Section 4. Finally in Section 5, the main conclusions of the study are highlighted.

. Preliminaries and notation

In this section, a definition of fractal–fractional operator and fundamental concept of ANN that used in this work are presented.

.1. Fractal–fractional definition

efinition 2.1 ([14] Fractal-Fractional Derivative With The Power Law Kernel In Caputo Sense (FFDPC)).
313



Mathematics and Computers in Simulation 218 (2024) 311–333M.R. Admon et al.

k

2

t
i
s
t
c
e
i
a
t
p
o

e
a
n
A
l
n
A
c

F
l
n
p

𝑦

Let 𝑓 (𝑡) is a differentiable function with order 𝜂 on interval (𝑡0, 𝑡𝑓 ). Then, fractal–fractional derivative of order 𝜈 with power law
ernel in Caputo sense is defined as

(

𝐹𝐹𝐷𝑃𝐶
𝑡0

𝐷𝜈,𝜂
𝑡

)

𝑓 (𝑡) = 1
𝛤 (𝑚 − 𝜈) ∫

𝑡

𝑡0
(𝑡 − 𝑠)𝑚−𝜈−1

𝑑𝑓
𝑑𝑠𝜂

𝑑𝑠, (1)

where 𝑑𝑓
𝑑𝑠𝜂 = lim𝑡→𝑠

𝑓 (𝑡)−𝑓 (𝑠)
𝑡𝜂−𝑠𝜂 , 𝑚 − 1 < 𝜈 ≤ 𝑚, and 0 < 𝑚 − 1 < 𝜂 ≤ 𝑚, 𝑚 ∈ N.

If 𝑓 is differentiable over (𝑡0, 𝑡𝑓 ), then

𝑑𝑓
𝑑𝑠𝜂

= lim
𝑡→𝑠

𝑓 (𝑡) − 𝑓 (𝑠)
𝑡𝜂 − 𝑠𝜂

=
𝑓 ′(𝑠)
𝜂𝑠𝜂−1

= 𝑓 ′(𝑠) 𝑠
1−𝜂

𝜂
.

.2. Fundamental concept of ANN

The history emergence of ANN can be dated back in 1943, where the invention of simplified neurons by McCulloch and Pitts
hat mimics the biological neurons of the human brain [44]. In their article, they define the idea of a neuron as a single cell residing
n a network of cells that receive and process inputs to generate outputs. The simplest definition of ANN can defined as computing
ystem that consists of a number of simple highly interconnected processing element called artificial neuron that acquire knowledge
hrough its environment through learning process and store knowledge through its connection [45,46]. From this definition, it
an be seen that ANN revolve two major basic things which are processing elements or neurons and learning process. Processing
lements in ANN refer to basic elements in ANN that inspired from the event in biological neuron which are weights that mimic
ncoming stimulus or synapses, summing junction that mimic the dendrites which accumulated the incoming weighted stimulus,
ctivation function that mimic cell body where the conversion of new stimulus take place and bias that mimic the threshold value
hat increase or decrease the stimulus. While the learning process is the process of modifying the weights and biases that mimic the
rocess of capturing signals occurred in neuron. The aim of this process is minimize the error of the output which usually involve
ptimization techniques such as gradient-based method (first-order and second-order) and non-gradient based method (heuristic).

ANN in fact is one of the well-known of research fields of artificial intelligence (AI) and models in machine learning. It is an
ffective and reliable data modelling tools in several complicated problems such as system security [47], pattern recognition [48,49],
nd image encryption [50]. ANN can be designed to form different architecture that can be simple or complex ones. Early neural
etwork pioneers used very basic architectures known as single layer neural networks, which just featured input and output layers.
single layer neural network becomes a multilayer neural network when hidden layers are added. Thus, the input layer, hidden

ayer(s), and output layer make up the multilayer neural network. A shallow neural network, sometimes known as a vanilla neural
etwork, is a neural network with only one hidden layer. While multilayer ANN with two or more hidden layers known as deep
NN. This type of ANN contributed a lot of progress in modern neural to tackle various real world problems due to ability on
apture more variances in data thus provide more accurate desired output [51].

In this research, we focuses on deep feedforward ANN with two hidden layers (DFNN-2HL) to approximate the solution of
FDEPC. The term feedforward here means that the input that goes in into the network are strictly forward way through input
ayer, first hidden layer, second hidden layer and output layer. In other words, the output of each neuron in the network does
ot go backwards or affect the same layer. In order to solve FFDEs, a brief framework of neural network architecture should be
roposed. Consider a DFNN-2HL model as shown in Fig. 1. It consists of one single neuron denoted by 𝑝[0]1 in the input layer, 𝑘

number of neurons in first and second hidden layer denoted by 𝑝[1]𝑗 and 𝑝[2]𝑖 respectively where 𝑗 = 1, 2, 3,… , 𝑘 and 𝑖 = 1, 2, 3,… , 𝑘
and one single neuron in the output layer denoted by 𝑝[3]1 . We assume the number of neurons for the first hidden layer and second
hidden layer are the same. The weight from the input layer to first hidden layer is denoted by 𝑤[1]

𝑗1 , weight from the first hidden
layer to second hidden layer is denoted by 𝑤[2]

𝑖𝑗 and weight from the second hidden layer to third hidden layer is denoted by 𝑤[3]
1𝑖 .

The subscript in the weights such as 𝑤𝑖𝑗 indicate weights that move from 𝑗th neuron in the previous layer to 𝑖th neuron in the
next layer. While for the biases, 𝑏[1] and 𝑏[2] represent biases in the first hidden layer and second hidden layer respectively. The
superscript in all the network parameters and the neurons refer to the layer. Finally, the output of DFNN-2HL was indicated by
̂(𝑡,Φ) where Φ represent all the weights and bias of the DFNN-2HL.

The first neuron 𝑝[0]1 in the input layer will collects the input signal, 𝑥 defined by the user. Then the input signal will multiplied
by the weight 𝑤[1]

𝑗1 to give weighted input. The product then added by bias 𝑏[1] and being applied to an activation function 𝜙 to
generate new output for each neurons in the first hidden layer. The activation function used in this work is sigmoid function as
it preserve balance between linear and nonlinear behaviour [32]. The same process occur for each neurons in the second hidden
layer. Next, the output of neuron 𝑝[3]1 in the output layer is then computed by multiplying the output of neuron 𝑗 in the second
hidden layer with the weight 𝑤[3]

1𝑖 and add the bias 𝑏[2]. The net output is then obtained by summed up all the product and being
expressed as 𝑦̂(𝑡,Φ). All this process are known as forward propagation. The following input–output relation related this phase are
summarized as follows:
314
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Fig. 1. Schematic diagram of DFNN-2HL.

• In the input layer:

𝑝[0]1 = 𝑡. (2)

• In the first hidden layer:

𝑠[1]𝑗 = 𝑤[1]
𝑗1 𝑝

[0]
1 + 𝑏[1]𝑗 , (3)

𝑝[1]𝑗 = 𝜙(𝑠[1]𝑗 ). (4)

• In the second hidden layer:

𝑠[2]𝑖 =
𝑘
∑

𝑗=1
𝑤[2]

𝑖𝑗 𝑝
[1]
𝑗 + 𝑏[2]𝑖 , (5)

𝑝[2]𝑖 = 𝜙(𝑠[2]𝑖 ). (6)

• In the output layer:

𝑠[3]1 =
𝑘
∑

𝑗=1
𝑤[3]

1𝑗 𝑝
[2]
𝑖 , (7)

𝑝[3]1 = 𝑠[3]1 . (8)

3. Methodology description

In this section, the proposed model of ANN which is DFNN-2H will be implemented for solving initial value problem of fractal–
fractional differential equation in Caputo sense. Firstly, we highlight the basic framework needed on solving FFDEPC using DFNN-2H.
Then, a vectorized algorithm based on this framework is presented.
315
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Table 1
Numerical comparison of AS with ABM of Example 1 at different values of 𝜈 and 𝜂.
𝑡 𝜈 = 0.7, 𝜂 = 0.75 𝜈 = 0.8, 𝜂 = 0.85 𝜈 = 0.9, 𝜂 = 0.95

ABM AS ABM AS ABM AS

0 0 0 0 0 0 0
0.1 0.0013601220 0.0024566098 0.0008456593 0.0010454915 0.0005141706 0.0007728137
0.2 0.0074327574 0.0080996959 0.0053086525 0.0054141843 0.0037077799 0.0038492990
0.3 0.0200716240 0.0203021505 0.0155466607 0.0155119552 0.0117757137 0.0116610653
0.4 0.0406149151 0.0413206732 0.0333218123 0.0334144089 0.0267342041 0.0266802666
0.5 0.0701643537 0.0708973450 0.0601924366 0.0602152110 0.0504966929 0.0501631866
0.6 0.1096759405 0.1109246502 0.0975827809 0.0974397255 0.0849044883 0.0842123537
0.7 0.1600042339 0.1618226916 0.1468191697 0.1467810908 0.1317436523 0.1307966986
0.8 0.2219279756 0.2244398872 0.2091518932 0.2088281150 0.1927556877 0.1927563423
0.9 0.2961665058 0.2995427346 0.2857697419 0.2855093107 0.2696448946 0.2675434173
1.0 0.3833910262 0.3883526527 0.3778102855 0.3774693993 0.3640837304 0.3613516935

CPU Time (s) 101.56 103.25 105.34

Cost function 4.83 × 10−4 3.08 × 10−5 1.36 × 10−4

3.1. Method on solving FFDEPC

Consider the following FFDEPC
(

𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦
)

(𝑡) = 𝐹
(

𝑡, 𝑦(𝑡)
)

, 𝑡 ∈ [0, 𝑡𝑓 ], (9)

ith initial condition 𝑦(0) = 𝑎 and 0 < 𝜈 ≤ 1, 0 < 𝜂 ≤ 1. Let the AS of the problem (9) is denoted by 𝑦𝑇 (𝑡,Φ). The designation of
S contain two important term, the first term must satisfy the initial condition problem (9) and the other one contain the output
f the DFNN-2HL denoted as Φ, that correspond to the all the weights and biases of the network. Thus, the designation of AS can
e formulated as follows:

𝑦𝑇 (𝑡,Φ) = 𝑎 + ⌈𝜂⌉𝑡⌈𝜈⌉+⌈𝜂⌉−1𝑦̂(𝑡,Φ), (10)

here ⌈𝜈⌉ and ⌈𝜂⌉ are the upper integer value of fractional-order and fractal-order respectively and 𝑦̂(𝑡,Φ) is the output of DFNN-2H.
t is clear that the Eq. (10) satisfies the behaviour of the FFDEPC’s initial condition. Since the nearest integer value for 𝜈 and 𝜂 are
oth equal to one, thus the AS will reduce to

𝑦𝑇 (𝑡,Φ) = 𝑎 + 𝑡𝑦̂(𝑡,Φ), (11)

hich independent of fractal-order 𝜂. Substituting the Eq. (11) in the Eq. (9) will yield
(

𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦𝑇
)

(𝑡,Φ) = 𝐹
(

𝑡, 𝑦𝑇 (𝑡,Φ)
)

. (12)

Then, the resulting Eq. (12) will lead to the following optimization problem:

min
Φ

{𝑞(Φ)} =
𝑁𝑡𝑝
∑

𝑑=1

[(

𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦𝑇
)

(𝑡,Φ) − 𝐹
(

𝑡, 𝑦𝑇 (𝑡,Φ)
)]2

. (13)

where 𝑁𝑡𝑝 is the number of equidistant training point that discretize from domain 𝑡 and 𝑞(Φ) is the error or cost function that
eed to be minimized through Adam optimization method to obtain the optimal network parameters, Φ∗. In this work, the network
arameters need to be modified are selective, which are only the network parameters at the outermost hidden layer. The motivation
f this idea is based on the extreme learning machine technique that freeze the adjustment of the network parameters between
utermost hidden layers [9,35,43,52]. Thus, Φ∗ contain two types of network parameters which are updated network parameters,
1 and non-updated network parameters, Φ2.

To evaluate the cost function in (13), we need to approximate the FFD operator. By the definition FFD with power law kernel
n Caputo sense in (1), we obtain

(

𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦𝑇
)

(𝑡,Φ) = 1
𝛤 (1 − 𝜈) ∫

𝑡

0
(𝑡 − 𝑠)−𝜈

𝑑𝑦𝑇
𝑑𝑠𝜂

𝑑𝑠,

= 1
𝛤 (1 − 𝜈) ∫

𝑡

0
(𝑡 − 𝑠)−𝜈𝑦′𝑇 (𝑠,Φ) 𝑠

1−𝜂

𝜂
𝑑𝑠.

(14)

e discretize the interval [0, 𝑡𝑓 ] into 𝑛 subinterval by ℎ = 𝑡𝑓∕𝑛 to produce 𝑛 + 1 training points. At 𝑡(𝑛+1),

(

𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦𝑇
)

(𝑡(𝑛+1),Φ) = 1
𝛤 (1 − 𝜈) ∫

𝑡(𝑛+1)

0
(𝑡(𝑛+1) − 𝑠)−𝜈𝑦′𝑇 (𝑠,Φ) 𝑠

1−𝜂

𝜂
𝑑𝑠

= 1
𝑛
∑

∫

𝑡(𝑟+1) 𝑦𝑇 (𝑡(𝑟+1),Φ) − 𝑦𝑇 (𝑡(𝑟),Φ)
(𝑡(𝑟))1−𝜂(𝑡(𝑛+1) − 𝑠)−𝜈𝑑𝑠,
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Fig. 2. Graphical comparison of AS with ABM of Example 1 at different values of 𝜈 and 𝜂.

= 1
𝜂𝛤 (1 − 𝜈)

𝑛
∑

𝑟=0

𝑦𝑇 (𝑡(𝑟+1),Φ) − 𝑦𝑇 (𝑡(𝑟),Φ)
ℎ

(𝑡(𝑟))1−𝜂 ∫

𝑡(𝑟+1)

𝑡(𝑟)
(𝑡(𝑛+1) − 𝑠)−𝜈𝑑𝑠,

= ℎ−𝜈

𝜂𝛤 (2 − 𝜈)

𝑛
∑

𝑟=0
(𝑦𝑇 (𝑡(𝑟+1),Φ) − 𝑦𝑇 (𝑡(𝑟),Φ))(𝑡(𝑟))1−𝜂[(𝑛 − 𝑟 + 1)1−𝜈 − (𝑛 − 𝑟)1−𝜈 ].

For all discretized training points in the interval [0, 𝑡𝑓 ], we defined 𝑡(1) = 0 < 𝑡(2) = ℎ < 𝑡(3) = 2ℎ < ⋯ < 𝑡(𝑁𝑡𝑝−1) = 𝑛ℎ < 𝑡(𝑁𝑡𝑝) =
(𝑛 + 1)ℎ. Then, we further discretize the interval [0, 𝑡(𝑑)], where 𝑑 = 1, 2,… , 𝑁𝑡𝑝 into 𝜃 subinterval by ℎ𝑑 = 𝑡(𝑑)∕𝜃 to produce 𝜃 + 1
training points such that 𝑡(1) = 0 < 𝑡(2)𝑑 = ℎ𝑑 < 𝑡(3)𝑑 = 2ℎ𝑑 < ⋯ < 𝑡(𝑑−1)𝑑 = 𝜃ℎ𝑑 < 𝑡(𝑑) = (𝜃 + 1)ℎ𝑑 . Then, the FFDPC at each of training
point 𝑡(𝑑) can be approximated by

(

𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦𝑇
)

(𝑡(𝑑),Φ) =
ℎ−𝜈𝑑

𝜂𝛤 (2 − 𝜈)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(𝑦𝑇 (𝑡
(2)
𝑑 ,Φ) − 𝑦𝑇 (𝑡(1),Φ))[(𝜃 + 1)1−𝜈 − 𝜃1−𝜈 ]

+
𝑑−1
∑

𝑟=2
𝑦𝑇 (𝑡

(𝑟+1)
𝑑 ,Φ) − (𝑦𝑇 (𝑡

(𝑟)
𝑑 ,Φ))(𝑡(𝑟)𝑑 )1−𝜂[(𝜃 − 𝑟 + 2)1−𝜈 − (𝜃 − 𝑟 + 1)1−𝜈 ]

+ 𝑦𝑇 (𝑡(𝑑),Φ) − (𝑦𝑇 (𝑡
(𝑑−1)
𝑑 ,Φ))(𝑡(𝑑−1)𝑑 )1−𝜂

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(15)

With the help of approximation developed in (15), we can finally compute the following optimization problem:

min
Φ

{𝑞(Φ)} =
𝑁𝑡𝑝
∑

𝑑=1

[(

𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦𝑇
)

(𝑡(𝑑),Φ) − 𝐹
(

𝑡(𝑑), 𝑦𝑇 (𝑡(𝑑),Φ)
)]2

. (16)

To solve the optimization problem above, we can use any optimization method in the literature such as gradient-based method
and heuristic method [53]. Here, we intend to use first-order optimization technique known as Adaptive Moment estimation method
(Adam) to due to its simplicity and low memory usage. Let 𝑝 representing either selected individual weight or biases, we can updated
the network parameters as follows

𝑣𝑙 = 𝛽1𝑣
𝑙−1 + (1 − 𝛽1)

𝜕𝑞
, (17)
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Fig. 3. Graphical comparison of AS of Example 1 at different values of 𝜈 and 𝜂 with exact solution.

𝑠𝑙 = 𝛽2𝑠
𝑙−1 + (1 − 𝛽2)

( 𝜕𝑞
𝜕𝑝𝑙

)2
, (18)

𝑣̂𝑙 = 𝑣𝑙

1 − 𝛽𝑙1
, (19)

𝑠̂𝑙 = 𝑠𝑙

1 − 𝛽𝑙2
, (20)

𝑝𝑙+1 = 𝑝𝑙 − 𝜈
√

𝑠̂𝑙 + 𝜖
𝑣̂𝑙 . (21)

where 𝑣 and 𝑠 are the first moment and second moment of the gradients respectively. These value of parameters are initialized
at 0. While 𝛽1 and 𝛽2 are decay rates are in the range of value from 0 to 1, often selected close to 1 as suggested in [39,53,54].
In this research, we will set 𝛽1 and 𝛽2 with 0.95 and 0.995 respectively [39]. The learning rate, 𝜈 is the most sensitive parameter
which as have been extensively discussed in [39]. Based on their findings, we decided to take the value of this parameter either 0.1
and 0.001 depending on the FFDEPC later. Lastly, the parameter 𝜖 refer to the very small number to avoid division by zero, which
often set as 1 × 10−8 [54]. From the formula above, (17) refer to biased decaying momentum, (18) refer to biased decaying squared
gradient, (19) refer to corrected biased decaying momentum, (20) refer to corrected biased decaying squared gradients and (21) is
the updated formula for the network parameters at iteration 𝑙 + 1.

Notice that from the Adam formula in (17)–(18), it is require the evaluation of the first-order derivative of error function with
respect to the network parameters. This can be obtained as:

𝜕𝑞
𝜕𝑝

= 𝜕
𝜕𝑝

(𝑁𝑡𝑝
∑

𝑑=1

[(

𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦𝑇
)

(𝑡(𝑑),Φ) − 𝐹
(

𝑡(𝑑), 𝑦𝑇 (𝑡(𝑑),Φ)
)]2

)

. (22)

This gradient is actually can be computed through standard method in training of neural network called backpropagation
lgorithm. It compute the gradient of an cost function as a series of local or intermediate gradients. A common approach to code this
lgorithm in mathematical software is by using symbolic differentiation, however this technique is computationally expensive due to
he results of complex and ‘‘swollen’’ expression [55]. Thus, one way to handle this situation is to perform automatic differentiation
AD), that compute derivatives through accumulation of values during code execution to produce numeric values of the derivatives
ather than derivative expression [56]. AD is consider new in machine learning, thus a solver package related on AD may not be
vailable on a certain mathematical software. Thus, a proper sketch of computational graph of the error function is needed before
mplement the AD which ones can refer in many references such as in [53,56,57], so after that we are ready to code the algorithm
fficiently. The training of the algorithm could be ended at a certain stopping criteria such as maximum iteration, to obtain the
ewly adjusted network parameters, Φ∗. Finally we can obtain the final AS for a given problem (9).

.2. Vectorized algorithm

Since we use deep network to solve FFDEPC, the issue of high cost in computational time become a major of interest in this
ork. This is due to the implementation of looping statement such as in forward propagation that being coded in mathematical

oftware are very slow, especially if the hidden layer of the network are added. This will give rise an alternative approach known as
318
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Fig. 4. Convergence of the parameters and cost function with respective 𝜈 and 𝜂 for Example 1.
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Fig. 5. Absolute error of proposed method when 𝜈 = 1 and 𝜂 = 1 for Example 1.

Fig. 6. AS of various 𝜂 and 𝑡 with fixed 𝜈 for Example 1.

vectorization, that use vector and matrix computation during performing forward propagation and training of the DFNN-2H. In other
words, these process can be done at one time for all the training points. In solving FFDEPC, the vectorization cannot be implemented
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Fig. 7. AS of various 𝜈 and 𝑡 with fixed 𝜂 for Example 1.

Table 2
Numerical comparison of AS with ABM of Example 2 at different values of 𝜈 and 𝜂.
𝑡 𝜈 = 0.93, 𝜂 = 0.99 𝜈 = 0.95, 𝜂 = 0.95 𝜈 = 0.97, 𝜂 = 0.97

ABM AS ABM AS ABM AS

0 0 0 0 0 0 0
0.1 0.1220887806 0.1221157628 0.1259488899 0.1259335857 0.1144328766 0.1150455468
0.2 0.2309759389 0.2315082380 0.2357149697 0.2363123728 0.2198818954 0.2207909383
0.3 0.3330265459 0.3341968396 0.3375781495 0.3387552320 0.3199036559 0.3213123340
0.4 0.4289426406 0.4306268266 0.4327662749 0.4345237658 0.4147663641 0.4165765690
0.5 0.5185630512 0.5208987649 0.5213882159 0.5238012307 0.5041315601 0.5063140366
0.6 0.6014567879 0.6044861773 0.6031933193 0.6062228467 0.5874761748 0.5900746054
0.7 0.6771016127 0.6807794739 0.6777964803 0.6814180235 0.6642220392 0.6672822817
0.8 0.7449596924 0.7494112039 0.7447715248 0.7491321660 0.7337921305 0.7373614753
0.9 0.8045169460 0.8098155213 0.8036984671 0.8087976015 0.7956407452 0.7996576908
1.0 0.8553065827 0.8613360202 0.8541908927 0.8598991742 0.8492721827 0.8536996661

CPU Time (s) 103.38 107.17 104.66

Cost function 4.89 × 10−5 2.99 × 10−4 4.39 × 10−4

during the computation of FFDPC approximation, which require the evaluation of the approximation at one training point at one
time due to the nonlocal properties of the operator. Thus, it is important to minimized the burden of DFNN-2H computation on
solving FFDEPC in other aspect such as forward propagation, at least the burden on handling the computational time will be reduced.
The designation of the algorithm can be described as follows:

1. Set up input data: Take 𝑁𝑡𝑝 training points from the discretized domain 𝑡 ∈ [0, 𝑡𝑓 ] to form a vector t̃ of size 1 ×𝑁𝑡𝑝 such that

t̃ =
[

𝑡(1), 𝑡(2),… , 𝑡(𝑁𝑡𝑝)
]

.
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Fig. 8. Graphical comparison of AS with ABM of Example 2 at different values of 𝜈 and 𝜂.

Fig. 9. Graphical comparison of AS of Example 2 at different values of 𝜈 and 𝜂 with exact solution.
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Fig. 10. Convergence of the parameters and cost function with respective 𝜈 and 𝜂 for Example 2.

2. Set up DFNN-2H: Determine the number of layer and number of neurons. Here, we have 1 input layer, 2 hidden layer and 1
output layer. The number of input layer representing the independent variable 𝑡 and the number of neuron in output layer
represent the dependent variable in the FFDEPC. The number of neurons for the first hidden layer and the second hidden
layer are set to be equal.
323



Mathematics and Computers in Simulation 218 (2024) 311–333M.R. Admon et al.
Fig. 11. Absolute error of proposed method when 𝜈 = 1 and 𝛽 = 1 for Example 2.

Fig. 12. The comparison of exact solution and AS of proposed method with varying 𝜂 and 𝜈 = 0.99 for Example 3.

3. Initialize Parameters: All network parameters are initially set to be random except for the weights from the first hidden layer
to second hidden layer where for these weights we use Glorot initialization as suggested by [58]. Through their discussion,
the selection of values during initial step is important to avoid the failure during network training.

4. Forward propagation in vectorized form: For each training points 𝑡(𝑑) for 𝑑 = 1, 2,… , 𝑁𝑡𝑝, we rewrite the forward propagation
(3)–(8) in condensed form. In the first hidden layer:

𝐬[1](𝑑) = 𝐰[1]𝑝[0](𝑑) + 𝐛[1], (23)

𝐩[1](𝑑) = 𝜙(𝐬[1](𝑑)). (24)

In the second hidden layer:

𝐬[2](𝑑) = 𝐖[2]𝐩[1](𝑑) + 𝐛[2], (25)

𝐚[2](𝑑) = 𝜙(𝐬[2](𝑑)). (26)

and in the output layer:

𝐬[2](𝑑) = 𝐖[2]𝐩[1](𝑑) + 𝐛[2], (27)
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Fig. 13. The comparison of exact solution and AS of proposed method with varying 𝜂 when 𝜂 = 0.8, 0.9 for Example 3.

𝐚[2](𝑑) = 𝜙(𝐬[2](𝑑)). (28)

By stacking each gridpoints, concatenating all the vectors 𝐬[1](𝑑)’s and 𝐩[1](𝑑)’s the process can be now put in vectorized form
that yields:

𝑆[1] = 𝐰[1]𝑃 [0] + 𝐛[1], (29)

𝑃 [1] = 𝜙(𝑆[1]). (30)

where 𝑃 [0] = t̃ ∈ R1×𝑁𝑡𝑝 , 𝑆(1) ∈ R𝑘×𝑁𝑡𝑝 ,𝐰[1] ∈ R𝑘×1 and 𝐛[1] ∈ R𝑘×1. Following the same process for the second hidden layer:

𝑆[2] = 𝐖[2]𝑃 [1] + 𝐛[2], (31)

𝑃 (2) = 𝜙(𝑆[2]) ∈ R𝑘×𝑁𝑡𝑝 . (32)

where 𝑃 [1] ∈ R𝑘×𝑁𝑡𝑝 , 𝑆(2) ∈ R𝑘×𝑁𝑡𝑝 ,𝐖[2] ∈ R𝑘×𝑘 and 𝐛[2] ∈ R𝑘×1. And finally for the output layer:

𝑆[3] = 𝐰[3]𝑃 [2], (33)

𝑃 [3] = 𝑆[3] ∈ R1×𝑁𝑡𝑝 . (34)

where 𝑃 [2] ∈ R𝑘×𝑁𝑡𝑝 , 𝑆(3) ∈ R1×𝑁𝑡𝑝 and 𝐖[2] ∈ R1×𝑘. During the development of this phase, broadcasting is implemented in
(29) and (31) to get rid the necessity of introducing new variable [59]. Thus, the output of DFNN-2H in vectorized form is
𝑦̂(𝑡,Φ) = 𝑃 [3] ∈ R1×𝑁𝑡𝑝 where Φ ∈ R(𝑘2+4𝑘)×1.

5. AS and cost function in vectorized form: It is straightforward to show that vectorized form of AS and cost function are given
as

𝑦𝑇 (𝑡,Φ)
⏟⏞⏟⏞⏟
R1×𝑁𝑡𝑝

= 𝑎 + 𝑡̃ ⊙ 𝑦̂(𝑡,Φ)
⏟⏞⏞⏞⏟⏞⏞⏞⏟

R1×𝑁𝑡𝑝

, (35)

and

𝑞 = (𝐆̂ − 𝐅̂)(𝐆̂ − 𝐅̂)′, (36)

where ⊙ is Hadamard product or elementwise multiplication and broadcasting is implemented to Eq. (35). While 𝐆̂ =
[(

𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦𝑇
)

(𝑡(1),Φ),
(

𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦𝑇
)

(𝑡(2),Φ),… ,
(

𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦𝑇
)

(𝑡(𝑁𝑡𝑝),Φ)
]

∈ R1×𝑁𝑡𝑝 and 𝐅̂ =
[

𝐹
(

𝑡(1), 𝑦𝑇 (𝑡(1),Φ)
)

,

𝐹
(

𝑡(2), 𝑦𝑇 (𝑡(2),Φ)
)

,… , 𝐹
(

𝑡(𝑑), 𝑦𝑇 (𝑡(𝑑),Φ)
)]

.

6. Gradient computation in vectorized form:

• Weights from input layer to the first hidden layer:

𝜕𝑞
𝜕𝐰[1]

= 2 ⋅

([

(𝐆̂ − 𝐅̂)
⏟⏟⏟
1×𝑁𝑡𝑝

⊙

(

𝜕𝐆̂
𝜕𝐰[1]

− 𝜕𝐅̂
𝜕𝐰[1]

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

]

⋅ 𝟏
⏟⏟⏟
𝑁𝑡𝑝×1

)

∈ R𝑘×1. (37)
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Fig. 14. The comparison of exact solution and AS of proposed method with varying 𝜂 when 𝜈 = 0.65, 0.8, 0.9 for Example 3.

Fig. 15. Absolute error of proposed method when 𝜈 = 1 and 𝜂 = 1 for Example 3.

• Weights from the second hidden layer to the output layer:

𝜕𝑞
𝜕𝐰[3]

= 2 ⋅

(

𝟏𝑇
⏟⏟⏟
1×𝑚𝑡𝑝

⋅

[

(𝐆̂ − 𝐅̂)
⏟⏟⏟
1×𝑁𝑡𝑝

⊙

(

𝜕𝐆̂
𝜕𝐰[3]

− 𝜕𝐅̂
𝜕𝐰[3]

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑘×𝑁𝑡𝑝

]𝑇)

∈ R1×𝑘. (38)

• Biases at first hidden layer:

𝜕𝑞
𝜕𝐛[1]

= 2 ⋅

([

(𝐆̂ − 𝐅̂)
⏟⏟⏟
1×𝑁𝑡𝑝

⊙

(

𝜕𝐆̂
𝜕𝐛[1]

− 𝜕𝐅̂
𝜕𝐛[1]

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑘×𝑁𝑡𝑝

]

⋅ 𝟏
⏟⏟⏟
𝑁𝑡𝑝×1

)

∈ R𝑘×1. (39)
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4

Table 3
Comparison of the present method and method in [37] and [60] for Example 3 at 𝜈 = 1 and 𝜂 = 1.
𝑡 𝑦 AS Method in [37] Method in [60]

0.1 0.0997 0.0997 0.0997 0.0995
0.3 0.2913 0.2913 0.2914 0.2909
0.5 0.4621 0.4621 0.4622 0.4622
0.7 0.6044 0.6044 0.6044 0.6044
0.9 0.7163 0.7163 0.7164 0.6640

CPU Time (s) – 0.7163 – –

Cost – 1.5713 × 10−5 – –

• Biases at second hidden layer:

𝜕𝑞
𝜕𝐛[2]

= 2 ⋅

([

(𝐆̂ − 𝐅̂)
⏟⏟⏟
1×𝑁𝑡𝑝

⊙

(

𝜕𝐆̂
𝜕𝐛[2]

− 𝜕𝐅̂
𝜕𝐛[2]

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑘×𝑁𝑡𝑝

]

⋅ 𝟏
⏟⏟⏟
𝑁𝑡𝑝×1

)

∈ R𝑘×1 (40)

where broadcasting is applied to 𝐆̂− 𝐅̂ before doing Hadamard product [59]. 𝟏 is the column vector containing number
1 for all its element.

7. Update network parameters: The parameter Φ1 = [𝐰[1],𝐰[3],𝐛[1],𝐛[2]] is concatenated into column vector of size 4𝑘 × 1 need to
be adjusted through Adam:

𝐯𝑙 = 𝛽1𝐯𝑙−1 + (1 − 𝛽1)∇𝑞(Φ𝑙
1), (41)

𝐬𝑙 = 𝛽2𝐬𝑙−1 + (1 − 𝛽2)∇
(

∇𝑞(Φ𝑙
1)
)2

, (42)

𝐯̂𝑙 = 𝐯𝑙

1 − 𝛽𝑙1
, (43)

𝐬̂𝑙 = 𝐬̂𝑙

1 − 𝛽𝑙2
, (44)

Φ𝑙+1
1 = Φ𝑙

1 −
𝜈

√

𝐬̂𝑙 + 𝜖
𝐯̂𝑙 . (45)

where 𝐯, 𝐬, 𝐯̂ and 𝐬̂ are all zeros vector with size 4𝑘 × 1. Note that the evaluation of gradient computation, ∇𝑞(Φ𝟏) are computed
with the help of automatic differentiation to yield vector of size 4𝑘 × 1.

. Numerical results

In this section, we implement the algorithm on solving linear and nonlinear FFDEPC. For all cases, the exact solution for 𝜈 < 1
and 𝜂 < 1 is not available, thus we compare our results with the Adam–Bashforth method (ABM) proposed in [61]. The following
parameters were used for Examples 1–3:

• 𝜈 = 0.1, 𝛽1 = 0.95, 𝛽2 = 0.995 and 𝜖 = 1 × 10−8.
• 𝑁𝑡𝑝 = 31 and number of iterations= 2000.

with the same set of weights and biases. For the last example, we consider a special application known as Lotka–Volterra system.
To maximize the accuracy of the output, we use different parameters that will mentioned later in the discussion of the example.

Example 1 ([62]). Consider the following FFDEPC
(

𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦
)

(𝑡) = 𝑡2, 𝑡 ∈ [0, 1] (46)

with the initial condition 𝑦(0) = 0. The exact solution when 𝜈 = 1 and 𝜂 = 1 for this example is

𝑦(𝑡) = 𝑡3

3
. (47)

Based on Eq. (11), the designated AS is

𝑦𝑇 (𝑡,Φ) = 𝑡𝑦̂(𝑡,Φ). (48)

We compare our proposed method with ABM at different values of fractional-order and fractal-order, where 𝜈 = 0.7, 𝜂 = 0.75,
𝜈 = 0.8, 𝜂 = 0.85 and 𝜈 = 0.9, 𝜂 = 0.95 as presented in Table 1 respectively. The graphical comparison of AS for each result is shown
in Fig. 2. We can see that our proposed method very close to ABM. In Fig. 3, we can see that as the value fractal-order increases,
the solutions profile go towards the exact for 𝜈 = 1 and 𝜂 = 1. These solution profile are below than AS when 𝜈 = 0.5, 𝜂 = 1 because
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Fig. 16. Numerical results for Example 5 using 𝜈 = 0.9 and 𝜂 = 0.99 with comparison of ABM [21] in 16(a) and 16(b). While the convergence of network
parameters for each AS is portrayed in 16(c) and 16(d) respectively. The CPU time for this case is 398.13 s.

their values of 𝜈 is larger than 𝜈 = 0.5. The respective plot of convergence for these cases are displayed in Fig. 4. Through this
figure, the network parameters attained to an optimal ones with respective cost functions that leads to zero as iteration increases.
To demonstrate the accuracy of the proposed scheme with the exact solution, we plot the absolute error in Fig. 5. We finally perform
numerical simulations by fixing the fractional-order, 𝜈 = 0.39, 0.59, 0.79, 0.99 and vary fractal-order, 𝜂 and fixing the fractal-order,
𝜂 = 0.39, 0.59, 0.79, 0.99 and vary fractional-order, 𝜈 as in Figs. 6 and 7 respectively.

Example 2 ([26]). Consider the following FFDEPC
(

𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦
)

(𝑡) = cos(𝑡), 𝑡 ∈ [0, 1], (49)

with the initial condition 𝑦(0) = 0. The exact solution when 𝜈 = 1 and 𝜂 = 1 for this example is

𝑦(𝑡) = 𝑠𝑖𝑛(𝑡). (50)

From (11), the AS can be written as

𝑦𝑇 (𝑡,𝜣) = 𝑡𝑦̂(𝑡,𝜣). (51)

By applying our method, Table 2 shows the numerical comparison for 𝜈 = 0.93, 𝜂 = 0.99 and 𝜈 = 0.95, 𝜂 = 0.95 𝜈 = 0.97, 𝜂 = 0.97.
For these value of fractional-order and fractal-order, Fig. 8 shows that our approximate solutions are close with ABM solutions. As
the value of fractal-order increases, we can see that the solutions profile goes towards exact at 𝜈 = 1 and 𝜂 = 1 as shown in Fig. 9.
These solution profile are below than approximate solution when 𝜈 = 0.5, 𝜂 = 1 because the value of 𝜈 is less than others. These
solutions behaviour is the same like previous example. For all cases, the network parameters are tends to a constant value over time
indicating the optimal value has achieved as shown in Fig. 10. However, only several value of weights are still not consistent to
same value over time until iteration ended. Finally, the absolute error of the proposed method when 𝜈 = 1 and 𝛽 = 1 is plotted in
328

Fig. 11.



Mathematics and Computers in Simulation 218 (2024) 311–333M.R. Admon et al.
Fig. 17. Numerical results for Example 5 using 𝜈 = 0.95 and 𝜂 = 0.95 with comparison of ABM [21] in 17(a) and 17(b). While the convergence of network
parameters for each AS is portrayed in 17(c) and 17(d) respectively. The CPU time taken for this case is 377.65 s.

Example 3 ([37]). Consider the following Riccati FFDEPC
(

𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦
)

(𝑡) = 1 − 𝑦2(𝑡), 𝑡 ∈ [0, 1], (52)

with the initial condition 𝑦(0) = 0. The exact solution for this example when 𝜈 = 𝜂 = 1 is

𝑦(𝑡) = 𝑒2𝑡−1

𝑒2𝑡+1
. (53)

The AS is

𝑦𝑇 (𝑡,𝜣) = 𝑡𝑦̂(𝑡,𝜣). (54)

In this example, we focuses on comparing various value of fractional-order, 𝜈 and fractal-order, 𝜂 to the exact solution when
𝜈 = 𝜂 = 1. Initially, we fix the value of fractional-order and let the fractal-order increases up to 1. Then, we increase the fractional-
order until it becomes equal to 1. We tested initially on fractional-order, 𝜈 = 0.99 in Fig. 12, 𝜈 = 0.8, 0.9 in Fig. 13 and 𝜈 = 0.65, 0.8, 0.9
in Fig. 14. From all the results, we can see that as the fractal-order and fractional-order increases, the AS will move towards the
exact solution when 𝜈 = 𝜂 = 1. We also can observe that for fixed value of 𝜈, the AS that have higher 𝜂 will located nearer to the
exact solution when 𝜈 = 𝜂 = 1. As 𝜂 = 1, the AS that have higher value of 𝜈 will located near the exact solution when 𝜈 = 𝜂 = 1. We
also show in Table 3 that our proposed method are more accurate than [60] and competitive with [37]. Since our proposed scheme
is competitive with method in [37], however, there is unavailability of the time taken from the method to be compared to show
which method perform the best. The only indicator to show our proposed scheme is the best is by observe the solution obtained
by proposed scheme are all similar with the exact solution, compared from the method by [29] are less accurate at 𝑥 = 0.3, 0.5 and
0.9. The CPU time for this case is 0.7163s, however for other results are ranging from 100.71 up to 107.18. The time is faster for
𝜈 = 1 and 𝜂 = 1 as there is no approximation of FFDPC, thus no nonlocality involved during the computation. As the final output,
we plot the solution for the case of 𝜈 = 1 and 𝛽 = 1 with the exact solution as in Fig. 15.
329



Mathematics and Computers in Simulation 218 (2024) 311–333M.R. Admon et al.
Fig. 18. Numerical results for Example 5 using 𝜈 = 0.87 and 𝜂 = 0.97 with comparison of ABM [21] in 18(a) and 18(b). While the convergence of network
parameters for each AS is portrayed in 18(c) and 18(d) respectively. The CPU time taken for this case is 381.17 s.

Fig. 19. Numerical results for 𝜈 = 0.9 and 𝜂 = 0.9 with ABM [21] for Example 5.

Example 4 ([63]). Consider the following FFDEPC of Lotka–Volterra system

(𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦1)(𝑡) = 𝑎1𝑦1(𝑡) − 𝑏1𝑦1(𝑡)𝑦2(𝑡), (55)

(𝐹𝐹𝐷𝑃𝐶
0 𝐷𝜈,𝜂

𝑡 𝑦2)(𝑡) = 𝑎2𝑦1(𝑡)𝑦2(𝑡) − 𝑏2𝑦2(𝑡). (56)
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Fig. 20. Numerical results for 𝜈 = 0.87 and 𝜂 = 0.97 with ABM [21] for Example 5.

where 𝑎1 = 2, 𝑏1 = 1, 𝑎2 = 1 and 𝑏2 = 3 with the initial conditions 𝑦1(0) = 1 and 𝑦2(0) = 2. The designated AS is

𝑦1𝑇 (𝑡,𝜣) = 1 + 𝑡𝑦1(𝑡,𝜣), (57)

𝑦2𝑇 (𝑡,𝜣) = 2 + 𝑡𝑦2(𝑡,𝜣). (58)

Notice that this is a system of FFDEPC that have two unknown variable which is 𝑦1 and 𝑦2. Same architecture of DFNN-2H as in
Fig. 1 is used for the both 𝑦1 and 𝑦2 to yield an output 𝑦1(𝑡,𝜣) and 𝑦2(𝑡,𝜣). For this application problem, there is no exact solution
available for all values of fractional-order, 𝜈 and fractal-order, 𝜂. Here, we use the ABM proposed by [21] with step size 0.0001 as
our reference comparison. The numerical simulations for 𝜈 = 0.9, 𝜂 = 0.99, 𝜈 = 0.95, 𝜂 = 0.95 and 𝜈 = 0.87, 𝜂 = 0.97 are portrayed in
Fig. 16, Fig. 17 and Fig. 18 respectively. We finally plot 3D results in Fig. 19 and Fig. 20 for 𝜈 = 0.9, 𝜂 = 0.9 and 𝜈 = 0.87, 𝜂 = 0.97
in domain [0, 2] respectively. We can see the numerical results for all cases are nearly identical to the ABM which our reference for
exact solutions. It is important to mention that for this example we use different sets of parameters:

Results in Fig. 16–Fig. 18

• 𝜈 = 0.1, 𝛽1 = 0.95, 𝛽2 = 0.995 and 𝜖 = 1 × 10−8.
• 𝑁𝑡𝑝 = 51 and number of iterations= 4000.

Results in Fig. 19 and Fig. 20

• 𝜈 = 0.001, 𝛽1 = 0.95, 𝛽2 = 0.995 and 𝜖 = 1 × 10−8.
• 𝑁𝑡𝑝 = 51 and number of iterations= 30000.

to obtain the best results.

5. Conclusion

The objective of this work is to develop a vectorized algorithm based on DFNN-2H for solving FFDEPC. The proposed method is
performed with Adam optimization technique for network training. A basic framework of the algorithm include the designation of
approximate solution (AS) and approximation of fractal–fractional derivative with power law kernel in Caputo sense (FFDPC). Results
from the five examples indicate that proposed scheme produced AS with accurate result for various value of fractional-order, 𝜈 and
fractal-order, 𝜂 through observation of absolute error with low computational time. The network parameters obtained are mostly
reached the optimal ones with cost functions decreases to nearly zero until the iteration ended. Our method also can be solve for
system of FFDEPC in which a good choice of learning rate, training points and number of iterations should carefully decided to get
the better output of the results. For future studies, this method can be implement to solve not only examples provided here but also
variety types of FFDEPC can be founded in literature. There exist another form of neural network known as Hopfield neural network
(HNN) which interested readers could read [64] on its capability on solving FDEs. This form of HNN also could be extended on
solving this type of FFDEPC.
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