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Let G be a finite group and let V' be a finite and faithful G-
module such that V' is completely reducible, possibly of mixed
characteristic, or V' is a G-module over a field of characteristic
p with O,(G) = 1. Suppose that M is the largest orbit size
in the action of G on V. It is known that the index of the
commutator subgroup G’ in G is bounded by M, that is, |G :
G’| < M. In this paper, we classify all linear group actions
in which |G : G’| = M. It turns out that our classification is
a vast generalization of a classic 1967 result by D. Passman.
‘We also include an application of the main results to Brauer’s

k(B)-problem.
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1. Introduction

One important aspect of finite linear groups is the study of their orbits. Maximal orbit

sizes play an important role in understanding the structure of a finite group action and
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are related to various important concepts such as conjugacy classes, representations, and
character tables.

On the other hand, the interplay between the abelian quotient G/G’ of a finite group
and various invariants of finite group actions have been an object of study for a long
time. One of the notable contributions in this area comes from the work of Kovacs
and Praeger [13]. They presented an upper bound on the orders of abelian quotients
of permutation groups as a function of their degrees, and characterized the specific
groups that achieve these bounds. Moreover, Aschbacher and Guralnick studied abelian
quotients of permutation groups as well and, in addition, proved under mild conditions
that the index of the commutator subgroup of a linear group G is strictly less than |V,
where V' is the vector space on which G acts naturally [2].

The relationship between abelian quotient groups and maximal orbit sizes was first
explored by the second author and Yang in [12]. They showed that if M is the largest
orbit size in the action of a finite solvable group G on finite faithful completely reducible
G-module V, then the index of the commutator subgroup G’ in G is bounded by M, that
is |G : G'| < M ([12]); they later extended this bound to arbitrary groups ([11]). For
solvable groups, they obtained more specific information, which in [18] was extended to
arbitrary groups. This result has some implications for understanding the structure and
behavior of finite groups on the faithful completely reducible vector spaces. For example,
the extreme case |G : G'| = M of this result has been studied extensively in a collection
of papers [4,9,10]. In [9] and [10], all nonabelian group actions in which |G : G'| = M
were classified under the further assumption that V is an irreducible G-module and G
has exactly two or three different orbits of size M on V', respectively. Afterwards, the
authors of this paper relaxed the assumption of irreducibility on V in the previous results
to complete reducibility, and they classified all linear group actions in which |G : G'| = M
and G is a nonabelian group having at most three orbits of the largest size M on V.
In this context, one interesting problem is to completely classify all linear group actions
if we are in the case |G : G'| = M and G is nonabelian. The following results answer
this question by classifying all such group actions. These theorems provide a complete
understanding of the structure and properties of the groups that have such linear actions
onV =V(n,q), where V(n, q) denotes the n-dimensional vector space over the field with
q elements.

Theorem A. Let G be a finite nonabelian group and let V' be a finite faithful irreducible
G-module. Suppose that |G : G'| is the largest orbit size in the action of G on V. Then
one of the following situations occurs.

(a) G is Dg and V =V (2,3);
(b) G is the central product of Dg and Cy, and V =V (2,5) or
(¢) G is the central product of Dg and Qs, and V =V (4,3).

Note that, as special cases, Theorem A reconfirms Conjecture 4.1 in [9] and confirms
Conjecture 1 in [10]. The reader might also note that the group actions in the conclusion
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of the theorem are exactly the ones which occur in the conclusion of a result of Passman,
see [16, Lemma 1.5(i)], where he characterized linear actions without regular orbits of
groups which are either extraspecial of exponent p, or a central product of an extraspecial
2-group and the cyclic group of order 4. From this perspective Theorem A can be viewed
as a generalization of Passman’s result. In fact, it was this similarity of the group actions
found/conjectured in [4,9-11] with those in Passman’s result that ultimately guided the
authors to conjecturing the statement of Theorem A, and it also will be useful in its
proof.

The result being discussed concerns finite faithful irreducible G-modules, and we next
present the following classification for finite faithful completely reducible G-modules,
possibly of mixed characteristic.

Theorem B. Let G be a finite group and let V' be a finite faithful completely reducible
G-module with Cy (G) = 0, possibly of mized characteristic. Suppose that |G : G'| is the
largest orbit size in the action of G on V. Then

G:(;Elx’;éijgzKl)XA:NxA

=1 Jj=1 =1

and
i=1 j=1 1=1

where ni,ng2, ng are non-negative integers, and E; = Dg, F; = DgoCy, K; = DgoQg and
A is an abelian group, V; =V (2,3), U; = V(2,5) and W, =V (4,3) forie {1,..,n1},
Je{l,..,n2} and l € {1,...,n3}.

Furthermore, N acts faithfully on U and trivially on W, and A acts trivially on U
and faithfully on W. Moreover, N acts on U as follows: Each E;, F;, K; acts faithfully
on their respective modules Vi, U;, Wi, and trivially on all the other modules.

Theorem B looks exactly like one naively would expect an extension of Theorem A to
completely reducible modules to look like. Its proof, however, needs some effort. The same
is true for the extension of Theorem A to another common generalization of irreducible
modules as follows.

Theorem C. Let G be a finite group and let V be a finite faithful G-module over a finite
field of characteristic p with Cyv(G) = 0. Suppose that O,(G) = 1. If |G : G'| is the
largest orbit size in the action of G on V, then one of the following situations holds.

(a) G and V are as in Theorem B with ny = 0.
(b) G and V are as in Theorem B with ny =0 and n3 = 0.
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Remark 1.1. It is easy to see that in Theorem B the number of orbits of size |G : G|
equals

2™ . 3"z 513

where s is the number of regular orbits of A on W (note that s > 1). A similar remark
applies to Theorem C.

When working with a finite group G and a field k of prime characteristic p, where
p divides |G|, modular representation theory over k involves analyzing the summands
of the group algebra k[G], which are called blocks and are denoted by B. Each block
B is associated with a p-subgroup of G called the defect group denoted by D, which
is uniquely determined up to conjugation. It has been conjectured by Brauer that the
inequality k(B) < |D| holds, where k(B) is the number of irreducible characters of G
in B. If Bp is a Brauer correspondent of B in DCq (D), then the notation Ng(D, Bp)
denotes the elements in the group G that stabilize D and Bp under conjugation. The
inertial quotient of B is defined by N (D, Bp)/Ca(D) and we will use the notation I(B)
for the inertial quotient of B. As an application of Theorems A and B, we shall present
the following result, which extends a result of B. Sambale (e.g. [20, Lemma 14.7]).

Corollary D. Let B be a block of a finite group with abelian defect group D. Write I(B) for
the inertial quotient of B, and suppose that its commutator subgroup satisfies |I(B)'| < 7.
Then Brauer’s k(B)-conjecture k(B) < |D| holds.

We have adopted standard notations in this paper and have provided explanations
wherever necessary. It is convenient here to mention the semilinear group. If V' is a finite
vector space of dimension n over GF(q) for a prime power ¢, we will use the notation
I'(¢™) =T'(V) to denote the semilinear group of V. More precisely, the semilinear group
is defined by

I'(V)={z— az’ |z € GF(¢"),a € GF(¢")*,0 € Gal(GF(¢") : GF(¢))}.
Also, we write A o B to denote the central product of the groups A and B.
2. Auxiliary results
In this section, we will present an overview of some auxiliary results, which are essential
tools for the proof of our main theorems. We will start to discuss some of the key results
related to groups and their actions without giving the proofs, but providing references.

The following theorem has been extensively discussed in the introduction of this paper,
and is a consequence of a collection of papers.
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Theorem 2.1. (Keller, Qian, Yang) [11,12,18] Let G be a finite group and V a finite
faithful completely reducible G-module, possibly of mized characteristic. Let M be the
largest orbit size in the action of G on V. Then

|G :G'| < M.
More precisely, we have one of the following:
(a) |G:G'| < M;
(b) |G :G'| =M and G is abelian; or
(c) |G:G'| =M, G is nilpotent, and G has at least two different orbits of size M on V.
Lemma 2.2. [12, Lemma 2.1] Let G be a finite group and N < G. Then
|G/G'| =|G/G'N|-IN: NNG'|;
and
|G : G’| divides |G/N : (G/N)'|-|N : N'|
We frequently appeal to the next lemma in the rest of this paper.
Lemma 2.3. [4, Lemma 2.4] Let G be a finite nonabelian group and V a finite faithful

completely reducible G-module, possibly of mized characteristic. Suppose that |G : G'| is
the largest orbit size in the action of G on V. If U is a G-submodule of V', then

G G| =|G/Cc(U): (G/Ca(U))'] - |Ca(U) : Ca(U)].

Moreover, |G/Cq(U) : (G/Cq(U))| is the largest orbit size of G on U, and |Cg(U) :
Ce(U)| is the largest orbit size of Cq(U) on a G-invariant complement of U in V.

Theorem 2.4. [7, Theorem 3.2] Let G be a finite nilpotent group that acts faithfully and
irreducibly on a finite vector space V and assume that G’ is cyclic. Then there exists a
vector v € V' such that |Ca(v)| < 2.

We will need the subsequent three lemmas for the proof of our main results. The first
lemma is easily obtained as a result of Step 3.2 in the proof of main theorem of [9]. For
the sake of completeness, we prove this lemma here.

Lemma 2.5. Let G be a finite nonabelian p-group for a prime p and let V be a finite
faithful irreducible G-module. If |G : G'| is the largest orbit size in the action of G on'V,
then V' cannot be quasiprimitive.
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Proof. Let V be quasiprimitive, and put M = |G : G’|. Then G becomes a quasiprimitive
linear group and hence every abelian normal subgroup of G is cyclic. Since G is a p-
group, G is cyclic, quaternion, dihedral, or semi-dihedral and G 2 Dg by Corollary 1.3
of [15]. It is well known that the derived subgroup of the quaternion, dihedral, and semi-
dihedral 2-groups have index 4 in G. We also know that there exists a U < G, where U
is cyclic and |G : U| < 2. Thus, U has a regular orbit on V', which gives the inequality
M > |U| > |G|/2. Since G is a nonabelian 2-group, we have |G| > 8, which leads the
inequality that

M=|G:G|=4<|G|/2< M.

It follows that |G’| = 2 and |G| = 8, and so G = Qs. It is well known that the quaternion
group Qs has a regular orbit on V creating a contradiction with M = 4. Thus, we
conclude that V cannot be quasiprimitive, and in particular, V' is imprimitive. O

It is well known that if G is a finite abelian group and V is a finite faithful and
completely reducible G-module, possibly of mixed characteristic, then G has a regular
orbit on V. The next lemma provides us the existence of regular orbits of G on V', where
G is the central product of Dg and a cyclic 2-group, that is, G = Dg o Cy» for some
n € N.

Lemma 2.6. Let G be the central product of the dihedral group Dg and the cyclic group
of order 2™ forn € N and let V be a finite faithful irreducible G-module. Suppose that
n > 3. Then G has a reqular orbit on V.

Proof. Since G = Dg o Cyn, we know that |Z(G)| = 2™ > 8 and |G : Z(G)| = 4.

Assume that G has no regular orbit on V', and let 0 # v € V. Since the action of the cyclic
group Z(G) on V is Frobenius, we have Cg(v) NZ(G) = 1, and hence Cg(v) x Z(G) < G.
This gives us |Cg(v)| = 2, because |G : Z(G)| = 4 and G is a nonabelian group. Since
v was arbitrary, this shows that |Cg(v)| = 2 for all nonzero vectors v in V. Now let H
be a subgroup of G such that H = Dg o Cy. Note that H is characteristic in G, because
H = Q4(G) = (g € G | g* = 1). In particular, all involutions of G are contained in H,
and it is well-known that H has six non-central involutions. Now by [16, Lemma 1.9]
we see that 6 = |V|['/2 + 1 which implies that |[V| = 25. Thus G is a subgroup of a
Sylow 2-subgroup P of GL(2, 5). Thus P = C41C5 and |P| = 32. This forces n = 3 and
G = P. However, the groups Dg o Cs and C4 ! Cs are not isomorphic, as is well-known,
and this contradiction refutes the assumption of G having no regular orbit and proves
the lemma. 0O

Lemma 2.7. Let G a finite nonabelian group and let V' be a finite faithful irreducible
non-quasiprimitive G-module. Suppose that M = |G : G'| is the largest orbit size in the
action of G on V. Then there exists a normal subgroup N of G such that |G : N| = p
for some prime p, and the following two statements hold:
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(a) VN = Vi®...8V, forirreducible N-submodules V; of Vv which are faithfully permuted
by G/N. Furthermore, M > My = My Ms > |N : N'|, where My is the largest orbit
size in the action of N on Vi, My is the largest orbit size of N on an irreducible
N-submodule U of Vi, and My is the largest orbit size of Cn(U) on a G-invariant
complement of U in V.

(b) If G is a 2-group and Cn(V;)/Cn(V;) is not cyclic for i = 1,2, then

((H/S)'| = [lg, (Cx(V1)Cn (V2)) /S]] = [Cn (Vi) /Cn (V)] > 1, (1)
where H = (g, Cn(V1)Cn(V2)) < G for g€ G— N and S = Cn (V1) x Cny(V2)'.

Proof. Since G is a nonabelian group, we know by Theorem 2.9 of [18] that G is nilpotent.
By Corollary 0.3 of [15] there exists a normal subgroup N of G such that |G : N| = p and
VN = Vi@ ... ®V, for irreducible N-submodules V; of Viy. Let M; be the largest orbit
size in the action of N/Cn (V1) on V; and let M; be the largest orbit size of C (V1) on
Vo @...®V,. To simplify the notation, throughout this proof W will denote Vo & ... ¢ V.
Let x € Vi be in a largest orbit of N on V. Then we may write x = x7 + x2, where
r1 € Vi and x5 € W. Then

IG:G'|=M > My = |2V = |N : Cx(2)| = |N : On(21) N Cn(2)|
=[N : On(21)||Cn(21) : On(21) NCOn(22)] (2)

= [a]]|Cn(21) : Coy (o) (@2)| = |21 ||m2N(ﬂc1)|

Suppose that |#| < M or |z, N(Il)| < M. Then there exist y; € V5 and y, € W such
that |yi¥| = M; and \yCN(Vl | = M. This gives us

c N (Vi c
My = [ [J5™ ) < MMy = [y [ys ™) < Pyl lys ™ = IV On(yr + p2)],

which is a contradiction. This contradiction shows that |2)| = M; and |:1:2 N (x1)| Mo,
and hence M > My = M; M,. On the other hand, since N/Cy (V1) acts faithfully on V3
and Cn (V1) acts faithfully on W, we have from Theorem 2.1 and Lemma 2.2 that

M > My = MMy > [N/Cn (V1) : (N/Cn(V1))'|[Cn (V1) : Cn (V1)
> [N/Cn (V1) + (N/Cn(V1))'|On (V1) : On (Vi) NN
— NN,

Thus, we conclude that M > My = MM, > |N : N’|, and this completes the proof of
the case (a).

By case (a), we have that |G : N| = 2 and Vy = V1 &V, for irreducible N-submodules
Vi of Vy. Let ¢ € G — N and let us define the subgroups H = (g,Cn(V1)Cn(V2))
and S = Cny(V7) x Cn(Va) of G. Clearly, S is a normal subgroup of H. Note that
Cn(V1)9 = Cn(Va) and Cn(V2)9 = Cn (V7). Since Cn(V7)/Cn (V1) is not cyclic by the
hypothesis, there exist elements x1, x5 € Cn (V1) such that ©1Cn (V1) # 22Cn (V1) If
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1S = 225, then xflxg e Cy(V1) NS = Cn(V1)’, and hence we get a contradiction
that 21Cn (V1) = 22Cn(V1)'. Thus 1S # x2S, and hence clearly [x1S,g] # [225, 9],
because [2;9,9] = (z;'9)(2S) and ¢ € COn(V) for i = 1,2. Therefore we have
|Cn (V1) /Cn(V1)'| mutually distinct elements in [g, (Cn(V1)Cn(V2))/S], which gives us
the desired inequality (1). This completes the proof of lemma. O

3. Proof of Theorem A

In this section, we will provide a detailed proof of Theorem A.

Theorem 3.1. Let G be a finite nonabelian group and let V' be a finite faithful completely
reducible G-module, possibly of mized characteristic. Suppose that |G : G| is the largest
orbit size in the action of G on V. Then G = P x A, where P is the Sylow 2-subgroup
of G and A is an abelian group of odd order.

Proof. Put M = |G : G'|. Since G is a nonabelian group, we know by Theorem 2.9 of
[18] that G is nilpotent. We wish to show that the Hall 2’-subgroup of G is an abelian
group. To do this, we proceed by induction on |GV|, and we first reduce to the case that
V' is irreducible.

Step 1. A reduction to the case that V is irreducible
Let V. =V1 & ... & V,, where n > 1 and the V; are the proper nontrivial irreducible
G-submodules of V for all i € {1,...,n}. Since the nonabelian group G is isomorphic to a

n
subgroup of X G/Cq(V;), there exists at least one G-module V; for some i € {1,2,...,n}

such that G ; Clg (V;) is nonabelian. Without loss of generality, we may choose G/Cq(V1)
as a nonabelian group. If C¢(V]) = 1, then G acts faithfully on Vi, and hence |G : G| =
M is also the largest orbit size in the action of G on V; by Theorem 2.1. By induction, we
get the desired conclusion that H is abelian. So we may assume that Cg(V;) > 1 for all
1 =1,2,...,n. It follows by Lemma 2.3 that for any i such that G/Cg(V;) is nonabelian
that

G: G| =G/Cc(Vi) : (G/Ca(Vi))'|Ca(Vi) : Ca(Vi)|

and |G/Cq(V;) : (G/Cq(V;))'| is the largest orbit size of G on V;. Again by induction,
we have that G/Cq(V;) = K; x L;, where K; € Syly(G/Cg(V1)) is nonabelian and L; is
an abelian group of odd order. Since G is nilpotent and is isomorphic to a subgroup of

G/Cq(V;), we get the desired conclusion that the Hall 2/-subgroup of G is abelian.
=1

K3
From now on, we may assume that V is irreducible.
Step 2. A reduction to the case that G is a p-group
Suppose that G is not a p-group for any prime p. Let p be a prime dividing |G| such
that if P is a Sylow p-subgroup of G, then P is nonabelian. Then G = P x H, where
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H is the Hall p’-subgroup of G. Note that H > 1. By Step 1, V is a G-module over a
field K. By Lemma 10 of [19], there exists a field extension L of K such that if U is an
irreducible summand of V' viewed as an LG-module, then U is absolutely irreducible,
and the permutation actions of G on V and U are permutation isomorphic. This allows
us to consider the action of G on U instead of V; in other words, we may assume that V'
is absolutely irreducible. Using (3.16) in [1], we have that V = X; ® X3, where X; is a
faithful irreducible P-module and X5 is a faithful irreducible H-module. Let us pick an
r1 € X; and a x5 € Xy such that |27] is the largest orbit size in the action of P on X
and |zf!| is the largest orbit size in the action of H on Xy. It follows from Theorem 2.1
that |P/P'| < |of| and |H/H'| < |zff|. If g € P and h € H satisfying gh € Co(71 ® 22),
then we have by Lemma 3.3 of [14] that z19 = azy and zoh = Bzy, where o, are
scalars in the field with a8 = 1. Now ¢ and h have coprime orders, and hence we have
that o = 8 = 1, which gives us Cg(z1 ® x3) = Cp(x1) X Cy(x2). Now we obtain the
following inequality that

GG/ =M > |(21® 22)%| = |G : (Cp (1) x Cr(a2))
= |P: Cp(21)|[H : C(z2)]
= [a]||«}!| > |P/P'||H/H'| = |G : G|.

Since we have equality everywhere in the above inequality, we conclude that |z]| =
|P/P’'| and |24| = |H/H'|. Therefore, |P/P’| is the largest orbit size of P on X; and
similarly |H/H'| is the largest orbit size of H on X». Since P is nonabelian, by induction
applied to the action of P on X; we obtain that p = 2. Hence |H| is odd, and so by
induction applied to the action of H on X5 we get that H is abelian, as desired.

From now on, we may assume that G is a p-group for some prime p, and we wish to
show p = 2.

Step 3. Final conclusion.

By Lemma 2.5, we may assume that V is not quasiprimitive. Thus, it is well-known that
there exists a normal subgroup D of G such that |G : D|=pand Vp =V1 & ...®V, for
irreducible D-submodules V; of Vp. If D is abelian, then D has a regular orbit on V' and
hence

oDl 16l 16l _
p

M 2 |D| - P - = |G/|
Therefore, we get |D| = |G : G’|, and hence we find that |G'| = p. It follows from
Theorem 2.4 that p = 2, as desired. Thus, in the rest of the proof we may assume that
D is a nonabelian group.

If Cp(V;) =1 for some i € {1,2,...,p}, then D acts faithfully on V;. Without loss of
generality suppose that Cg (V1) = 1. We know from Theorem 2.1 that |D : D'| < My,
where M is the largest orbit size of D on V;. If |D : D'| = M, then by induction we
find p=2. Let |[D: D'| < My < M. Then we have M = |G : G'| < |G : D'| =p|D :
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D’| < My < M, and hence we find M = M. Let v; € V] be a representative of an orbit
of size My of D on V;. Then v is an orbit of D of size M; = M, so it is also a maximal
orbit of G on V. However, v is a subset of V;, whereas v{* is not, since the elements in
G — D permute as p-cycles the elements of the set {Vi,...,V,}. So vP is a proper subset
of v{, which implies [v{'| > M, contradiction. Thus, for the rest of the proof we may
assume that Cp(V;) > 1 for all i = 1,2, ..., p. Now we examine two cases, where D’ < G’

and D' = G'.

Step 3.1. The case where D' < G’
It follows that p|D’| < G’, and hence
piD| _ |G|

M >|D:D'|= > =M
=D D= 5 = qa

Therefore, we get |D : D’| = M and observe that M is the maximal orbit size in the
action of D on Vp. By induction, we find that p = 2, which completes this case where
D' <G

Step 3.2. The case where D' = G’

We have that D is isomorphic to a subgroup of )Z D/Cp(V;). Since G permutes the
V; transitively, if D/Cp(V;) is abelian for any @ - 117 .y p, then all D/Cp(V;) must be
abelian. Thus, D becomes abelian, which is a contradiction. Hence all D/Cp(V;) must
be nonabelian for ¢ = 1,2, ..., p. Let M; be the largest orbit size in the action of D on V}
and let My be the largest orbit size of Cp (V1) on Vo @ ... & V,,. To simplify the notation,
throughout this proof let W denote Vo @ ... ® V,,. Let € Vp be in a largest orbit of D
on Vp. Then by Lemma 2.7 (a) we have that M > Mp = My My > |D : D’|. We next

consider the following inequalities (which we get from Theorem 2.1):

|D : D/CD(V1)| S M1 (3)
|ICp(Vi) : Cp(V1)'| < My (4)

If Inequalities (3) and (4) are strict, then we have that p|D : D'Cp(V1)| < M; and
p|Cp (V1) : Cp(V1)'| < Ms. Therefore, we have by Lemma 2.2 that

M > MMy = Mp > p*|D: D'Cp(V1)||Cp (V1) : Cp (V1)
> p?|D : D'Cp(V1)[|Cp (V1) : D' N Cp (V1)
>p}|D:D'|=p|G:D||D:D'|=p|G:D|=pG:G|
>|G: G| =M,

which is a contradiction. If we have equality in (3), considering the fact that D is non-
abelian and using the inductive hypothesis, we find the desired conclusion that p = 2.

So it remains to consider the case where we have strict inequality in (3) and equality
in (4). Thus, we have p|D : D'Cp (V)| < M, and hence by using Lemma 2.2,
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M Z MlMg = MD Z p|D : D/CD(Vl)HCD(Vl) : CD(Vl)/|
>p|D: D'Cp(WV)||Cp(V1) : D' N Cp(WV1)]
>p|lD:D'|=|G:G|=M.

Therefore, we have equality everywhere which gives us M = Mp = M1 My, My = p|D :
D'Cp(W)| and Cp(V1) = D' NnCp(V1).

Set C; := Cp(V;) for all i = 1,...,p. If C; is nonabelian, then by applying induction
to the nonabelian group C; acting on W, we get the desired result that p = 2. From
now on, we may assume that the C; are abelian for all © = 1,...,p. Therefore, we have
C; N D" = C! =1 for all i, which leads to C; < Z(D) for all i. Let us define B; =
CoVi®..0Vi1® Vi1 & ... 8 Vp) for i = 1,...,p. It should be noted that the B;
are all conjugate to each other in G. We claim that B; > 1 for all ¢. To see this, it
suffices to show that B, > 1. Working towards a contradiction, assume that B, = 1.
Then D = D/B, acts faithfully on V; & --- @ V,_1, and hence C; acts faithfully on
Vo@---@V,_1. Since C; is abelian, it has a regular orbit on Vo & - -- @& V,,_1. (Note that
even if p = 2, the trivial group B, = C; = 1 has regular orbit on the trivial module
Vo®---@®V,_1=0.) Let we Vod--- @ V,_1 be a representative of such a regular orbit
of Cion Vo ®---® V1, and let v; € V; be a representative of an orbit of size M; of
D on Vi. Then v; + w is a representative of an orbit of size MyMs = M of D on V.
However (v +w)P is a subset of Vi@ - @ V,_1, whereas (v1 +w) is not, since elements
in G — D permute as p-cycles the elements of the set {Vi,...,V,}. Thus, (v; +w)?”
proper subset of (v; +w)%, in other words, |(v1 +w)%| > |(vy +w)P|. This contradicts
the fact that M is the largest orbit size of G on V', and hence this proves the claim that
B; > 1 for all 1.

Since B; < C; < Z(D) for all j # i, we see that B; < Z(D) for all i. Since B; acts
faithfully on V; and trivially on V; for all ¢ # j, we conclude that B; N [[ B; =1 for all
1. Hence if we define B = B B5 ... By, then we see B = By X By X ... xjép. Note that B
is a normal subgroup of GG because every element in G — D permutes the B; in a p-cycle.

is a

Let us pick g € G — D and observe that gP acts trivially on B. Hence we can consider
the semidirect product H of B and (g)/(gP) with respect to the action of (g)/(g?) on B
induced by the action of g on B. Thus H = By 1 ({g9)/(¢?)). Also, as B < Z(D), we see
that |[B, {(¢)]| = |[B, {(g)/{g")]|- Thus by Lemma 2 of [8], we have that

B, (9]l = [B, {9)/(g")]| = | B[P~
Now let N = By X ... x B, < C; and note that D' N < D'NC; = 1. Then we have

|D'||B|
D' N B

D'N||Bi| _ |D'||N]|By| [D'||B|
_D'B| = |[D'NBy| = = - ,
ID°B| = i IDNNB,| |[D'NNBi| |D'NNB]

Thus, we deduce that |D’ N B| = |D'N N By| < |By]. Since [B,(9)] < BNG' = BN D/,
we have
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B[P~ = (B, (9)]] < [D' N B| < |By].

As |By| > 1, we then get p — 1 < 1, which gives us p = 2. This completes the proof of
the theorem. 0O

We are ready to give the proof of Theorem A.

Proof of Theorem A. Put M = |G : G'|. To prove the theorem, we shall argue by induc-
tion on |GV|. We will first show that G’ = ®(G) is of order 2 by using induction. We
know from Theorem 3.1 that G = P x A, where P is the Sylow 2-subgroup of G and A
is an abelian group of odd order. Since G is a nonabelian group, we have P > 1. On the
other hand, since G acts irreducibly on V, the center Z(G) is cyclic, and hence A is a
cyclic group.

Step 1. A reduction to the case that G is a 2-group

Suppose that G is not a 2-group, that is, A > 1. By the same arguments as in Step
2 of the proof of Theorem 3.1, we may assume that V = X; ® X5, where X; is a
faithful irreducible P-module and X5 is a faithful irreducible A-module, and hence | P/ P’|
becomes the largest orbit size in the action of P on X;. We can use induction to tell
us that P acting on X; is one of the group actions listed in the theorem. Suppose that
n := dim(X3) > 1. Then we have that Vp = W @& ... @ W =: nW, where Y = X; (as
P-modules). Likewise, V4 =Y & ... @Y =: mY, where m = dim(X;) € {2,4}, and
Y =2 X, (as A-modules). Now it is easy to see that P has a regular orbit on X; ® X3
(e.g. by Theorem 4.7 of [15]). As n > 1, it follows that P has a regular orbit on V. Since
the cyclic group A acts frobeniusly on V and P has a regular orbit on V| we conclude
that G = P x A has a regular orbit on V', contradiction. Now let us assume that n = 1.
If X, is as in Case (a) or (b) of the theorem, then X5 is V'(1,3) and V (1, 5), respectively.
Therefore 2 divides |A|, which is a contradiction. If X; = V(4,3) is as in Case (c), then
X2 = V(1,3) or V(1,9). This gives us again the same contradiction that 2 divides |A|.
Thus from now on we shall assume that G is a 2-group.

Step 2. G’ is of order 2.

Since V' is an imprimitive irreducible G-module from Lemma 2.5, there exists D < G
satisfying |G : D| = 2 and Vp = V; @ V4 for irreducible D-submodules V; of Vp for
i € {1,2}. Suppose that D is abelian. Then D has a regular orbit on V, and thus

2D _ |G| [G] _

M =Dl ==, 2 @]

Therefore, we get that |D| = |G : G'|, and hence |G’| = 2, and we are done. Let us
assume that D is nonabelian.

Now let us suppose that Cp(V;) = 1, thus also Cp(V2) = 1. Then D acts faithfully
on V7, and from Theorem 2.1 we have that |D : D'| < My < M, where M, is the largest
orbit size of D on V. If My = M and v, € Vj is a representative of an orbit of size M;
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of D on Vi, then v is an orbit of D of size M; = M, so it is also a maximal orbit of

G on V. However, v{ is a subset of V3, whereas v{’ is not a subset of V;. It follows that

vP is a proper subset of v, which implies [v{’| > M, which is a contradiction. So let us

assume that My < M. Thus, obtain the inequality
M >2M, >2|D:D'|>|G:G'| =M,

which shows that |D : D'| = M; and D' = G'. By induction, we obtain 2 = |D’|, and
hence we get the desired result 2 = |G’|. From now on, we shall assume that Cp(V;) > 1
for ¢ = 1,2. The remainder of our proof will require several technical cases and analysis
of the action of D on Vp. Let us now consider two cases, where D' < G’ and D' = G'.

Step 2.1. The case where D' < G’
We have the inequality 2|D’| < G’, which implies that

Gl . 16l _
2D = 16

M>|D:D'|=

Hence |D : D'| = M, and M is the maximal orbit size in the action of D on Vp.
Considering the fact that the nonabelian group D is isomorphic to a subgroup of
D/Cp(V1) x D/Cp(Va), the factor groups D/Cp(V;) cannot be abelian for i = 1,2.
To simplify the notation for the rest of the proof, let us write C; = Cp(V;) for i = 1,2,
M, for the maximal orbit size in the action of D/Cy on Vi, and M for the maximal
orbit size in the action of C; on V5. Now applying Lemma 2.3, we have that

M=|D:D'|=|D/Cy:(D/Cy)||Cy : CY],

where |D/C; : (D/C1)'| is the maximal orbit size in the action of D/Cy on V; and
|Cy : Cf] is the maximal orbit size in the action of Cy on Vs, and Lemma 2.2 yields that
Cy N D' = C}. Thus, we can use induction to tell us that [(D/C})'| = |(D/C2)'| = 2.
Since D is isomorphic to a subgroup of D/Cy x D/Cs, we have that |D’| € {2,4}.
First suppose that |D’| = 2. Since (D/C;)’ = D’ /(D'NC;) is of order 2 for all i = 1,2, we
have that C1 N D’ = C{ =1 and Co N D’ = C} = 1. Thus, we conclude that C; < Z(D)
for ¢ = 1,2. Let us pick v; € V; such that le /€% is an orbit of maximal size. Hence we
have

ID: D'Cy| = |D/Cy : (DJC)| = [vP| = |D : Cp(wr)],

which shows that |Cp(vi)| = |D'Cy| = 2|Cy]. Since C; < Z(D), we conclude that
Cp(vy) is abelian. Next we shall need that the action of Cp(vy) is faithful on Va. To
show this, assume that this action of Cp(v1) on V5 is not faithful. Then there is an
element 1 # x € Cp(vy), which acts trivially on V3, that is, z € Cp(v1) N Cy. Since we
already know that Cy < Z(D), we get x € Z(D). Let us consider the set Cy, (z) and
note that 0 # vy € Cy, (). Since x € Z(D), clearly Cy, (x) is a D-module. Since V; is an
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irreducible D-module and Cy, (x) > 0, we conclude that Cy, (z) = V1. So z € C1, and
altogether we have x € C; N Cy = 1, contradicting « # 1. Thus, we deduce that Cp(vy)
acts faithfully on V4. Then the abelian group Cp(v1) has a regular orbit UQC o) on Vs

for some vy € V5. Since
D Cp(v1 +v2)| = |D : Cp(v1) N Cp(v2)| = |D : Cp(vn)[Jus | = D,

we deduce that v, + v is in a regular orbit of D on Vp. Since M is the maximal orbit
size of D on Vp, we have |D| < M = |D : D’|, which leads a contradiction that D’ = 1.

Now let us assume that |D’| = 4, and hence |G’| = 8. We also have |C7| = |C}| = 2
because (D/C;) = D' /(D' NC;) are of order 2 and D' NC; = Cf for i = 1,2. Since C is
nonabelian, we have |C;| > 8. And since Cf < Z(D), we know that C;/C{ is not cyclic.
Hence if we put H = (g,C1C3) < G for some g € G — D and S = C{ x C}, then there
exist some elements = and y in C; such that S and yS are both of order 2 in H/S, they
commute with each other, and S # yS. In other words, (xS,yS) is a Klein 4-group.
Clearly, we have that C{ = Cy and C§ = C because g € G — D and G permutes V; and
Va. Hence (25)9 € C35/S and (yS)9 € C35/S. Therefore, the group

T = ((27'9)(x8) 99, (y=8)(yS) %)) = ((x5)(x8) ), (yS)(yS) ™)

becomes a Klein 4-subgroup of H/S. On the other hand, observe that T = ([zS, ¢S], [yS,
95S]), which shows that T" is a subgroup of (H/S)’. So (H/S)’ has a subgroup T of order
4, and the inverse image Ty of that subgroup in H is a subgroup of H' because S < H'.
This yields |Tp| = 16, which leads a contradiction that 16 < |H'| < |G’| = 8. This final
contradiction completes the case where D’ < G'.

Step 2.2. The case where D' = G’

Recall that since D is nonabelian, both D/C; and D/Cy are nonabelian. By using
Lemma 2.7 (a), we find that M > Mp = My M, where Mp is the maximal orbit size in
the action of D on Vp. From now on, we consider the inequalities |D : D'Cy| < My and
|Cy : C1| < Ms. First suppose that |D : D'Cy| < My and |Cy : Cf| < Ms. Then we have
2|D: D'Cq| < M; and 2|C : Cf| < Ms. It follows that

MZMD:MlMQZZHDD/ClHClCH (5)
>4D: D' =2|G:G|>|G: G| =M,

which is a contradiction.
Let us assume that |D : D'Cy| = My and |Cy : C]| < Ms. By using the fact that
2|C1 : Cf] < Mz, we have

MZM]_MQZMD22|DD/C]_HC10H (6)
>9[D:D'Ci||Cy: D'NCy| > 2D D| = |G G| = M,



B. Cwnarcy, T.M. Keller / Journal of Algebra 654 (2024) 1-24 15

which gives us equality everywhere, and hence C7 = D’ N C;. By induction we have
|(D/C4)'| = 2, and similarly |(D/C2)’| = 2. Observing the fact that D is isomorphic to
a subgroup of D/Cy x D/Cs, we find that D’ € {2,4}. If |D’| = 2, then we are done
due to D’ = G’. Let us suppose, by way of contradiction, that 4 = |D’| = |G'|. Thus, we
obtain |C1| = |C4| = 2 since (D/C;) = D'/(D’' N C;) is of order 2 and D' N C; = C! for
i = 1,2. And since C] < Z(D), we know that C;/Cy is not cyclic. Let ¢ € G — D and
let us define the groups H and S as in the case (b) of Lemma 2.7. By Inequality (1), we
have that S < H’, which is a contradiction because H' < G’ and |G’| = |S| = 4.

We next consider the case where |D : D'Cy| = M; and |C; : C}| = Ms. Thus, we have
that

2|DD/‘:M EMD:M1M2:|D/01(D/Cl)/HClC“ (7)
> |D/Cy : (D/CL)||Cy: CLND'| =|D: D'l

By induction, we know that |(D/C1)'| = |(D/C32)'| = 2, and hence as before we obtain
that |D’| € {2,4} because D is isomorphic to a subgroup of D/Cy x D/Cy. If |D'| = 2,
then we get the desired result that |G’| = 2. To find a contradiction, let us assume that
|D’| = 4. If C} is nonabelian, then 1 < Cf < D'NCy. Since 2 = |(D/C;)'| = |D'/D'NC4|,
we get |C!] = 2 for i = 1,2. If we define the groups H and S as in the case (b) of
Lemma 2.7 and by using (1), then we get a contradiction that S < H' < G’ because
G| = I] = 4.

Now suppose that C is an abelian group. Then we again have 2 = |D’ N ;| for
1 = 1,2. Notice that D’C; is normal in G for i = 1,2 because we are in the case that
D' = @'. Also, since we have C{ = Cs for g € G — D, we obtain D'Cy; = D’'Cy, which
shows C1Cy < D'C}. In fact, C1Cy = D'Cy because |D'Cy/Cy| = 2. Considering the
fact that |D'| = 4 and | D' N C1| = 2, we get

|C1|? = |C1Ca| = |D'Cy| = |D'||C1|/|D" N Cy| = 2|C4,

and thus we find that |C1]| = |C2| = 2. Therefore, D' = C; x Cy < Z(D), and also
M = Mp = M;M; by using (7). Let us pick v; € V; as a representative of an orbit of
size My of D on Vi. Then |D : Cp(v1)| = My = |D : D'C}|, and so |Cp(vy)| = |D'Cy| =
4/Cq]/2 = 2|Cy| = 4. So Cp(v1) is abelian of order 4 and clearly Cp(v1) %« Z(D)
because of Cy(Z(D)) = 1. Since we have C; < Cp(vy) and D’ < Z(D), this shows that
Cp(v1) NCy = 1. As a consequence of this, we conclude that Cp(v;) acts faithfully on
V5. Tt follows that the abelian group Cp(vy) has a regular orbit on Va. If vy € V5 is a
representative of such a regular orbit, we easily see that

M = Mp = |(v1 + v2)P| > 0P| | = M4 = |D : D'|4 = 2M,

which is a contradiction.
We are finally left with the case that |D : D'Cy| < M; and |C; : C1| = M,. Repeating
the same process in (6), we find that My = 2|D : D'Cy|, M = MMy = Mp and
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C1{ = D' N C}. First assume that D/C; has a regular orbit on Vi. Then D/C5 has a
regular orbit on V3, and hence we deduce that C,Cy/Cs = C; has a regular orbit on V5.
Thus, we have |C1| = My = |Cy : C}|, showing that C{ = 1, and hence C; is abelian.
Moreover,
/
D/Cr] = My = 21D D'y | = [pje A = ey 2
1D| 1D|
which implies |D’| = 2. Since G’ = D’, we get |G’| = 2, which is the desired conclusion.
So now we may assume that D/C; has no regular orbit on V;. Let v € V] be a rep-
resentative of an orbit of D of size M;. Then Cp(v1) > Cy (*) because 1 < Cp ¢, (v1) =
Cp(v1)/Cy1. Let d € D and ¢ € C;. Then we get that [dC],cCi] = [d,c]C] = C
since [d,c] € D' N Cy = C1. Tt follows that C/C] < Z(D/CY). Next we observe that
|D : Cp(v1)| = My =2|D : D'C]| from which we derive that

[D']|C|
2|y

|Cp(v1)| = [D'C1]/2 = (8)
Since D'Cy = G'C1 is a normal subgroup of G and G permutes C; and C5, we conclude
that G'C; = D'Cy; = D'Cy. Hence D'Cy = D’'Cy contains the group C1Cy = Cp x Cs.
Let S := C{ x C4. Then by Lemma 2.7 (b), we see that

1C1/C1l < lg, (Cr x C2)/S]l.

Hence, we conclude that |C1/C{| < [(G/S)'| = |G'/S| = |D’'/S|, which yields the

inequality that
|D'| > |C1/CHIS| = |C1/CH[|C11? = |Chl |G-

It immediately shows by Equation (8) that |Cp(v1)| > |C1|?/2.

Next we claim that Cp(v1) is not a subgroup of C1Cs. To see this, suppose that
Cp(v1) < C1Cs. Let us first assume that C is abelian. Since D'NC; = C/ = 1 for
1 = 1,2, we have that C1Cy < Z(D). Observe that Cy = C;Cs/C} is a subgroup of the
cyclic group Z(D/C1). This shows that the cyclic group Cs acts frobeniusly on Vi, which
implies that Ce, ¢, (v1) = C1. Recall from (*) that Cp(v1) > Cq, so that altogether it
follows Cp(v1) € C1C> in this case. This leaves us with the case that C; is nonabelian.
Then C5 is also nonabelian. Since 1 < C4 NZ(D) = (C, NZ(D))C1/Cy < Z(D/Ch)
and Z(D/C1) is cyclic, we conclude that the action of C4 N Z(D) on V; is Frobenius.
Now C} NZ(D) is a subgroup of the Frattini subgroup ®(C2) such that no nontrivial
element of C4 N Z(D) centralizes vy, and hence some elements in Cy — ®(Cy) cannot
centralize vy. Thus |Cy : Ce, (v1)] > 2. If |Cy : Ce,(v1)| = 2, then CHNZ(D) < P(Cy) <
Ce,(v1), which is a contradiction because the action of C4 N Z(D) on V; is Frobenius.
It follows that |Cy : Ce,(v1)| > 4, which implies that |Ce,(v1)| < |C2|/4. This proves
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that |Ce, o, (v1)] < |C1Cs|/4 = |C1|?/4. Together with |Cp(v1)| > |C1|?/2 from above
this forces that |Ce, ¢, (v1)| < |Cp(v1)]. That is, Cp(v1) cannot be a subgroup of C1Ca,
completing the proof of our claim.

So let x € Cp(v1) — C1Cy and put K = (x)C;. Since C1/Cy < Z(D/CY), we see that
K/C7 is abelian, and thus K’ = C]. Let L be the kernel of the action of K on V5. Then
LNCy = 1because L = Ck(Va) < Cy. Thus L = LC, /Cy < (x)C1/C1 = K/C1, showing

that L is cyclic, and L < Cs. Since x ¢ C1Cs and L < (5, we obtain ¢ LC;. Hence
even LC,/C; < K/Cy and LCy < K. This shows that K has the following properties:

i. K/L acts faithfully and completely reducibly on V5;
ii. (K/LY =K'L/L=C{L/L=Cj;

i, |(K/2)/ /Ly | = i 2L 2WLIGL 2]y 6 or) — oy
iv. K g CD<’U1).

IZllCil = [Llies] Il 1l

Now by (i), (iii) and Theorem 2.1, we know that K /L has an orbit of size at least 2M5
on V4. Also, by (iv) we have that Cp(v2) has an orbit of size at least 2M5 on Va, so let
vg € V5 be a representative of such an orbit. With this we get

M = Mp > |(v1 + v2)P] > P [J0S” )| > My2My = 20, My = 2M,

which is a contradiction. This completes the proof of Step 2 and from now on we have
|G'| = 2.

Step 3. The Frattini Subgroup ®(G) of G is of order 2.
We now restrict our attention to the special cases that D is abelian and nonabelian.

Step 8.1. D is an abelian group.

By Lemma 2.7 (a), we know that M > MMy = Mp > |D : D'| = |D|. If C; =1,
then the action of D is faithful on V;, and so D has a regular orbit on Vi, say v¥. Then
for g € G — D, we know that v{ = (vP)9 ¢ V4, and hence we get a contradiction that
|v| > [vP| = My = M because we have M = |G : G'| = |D|. Therefore, we conclude
that if D is abelian, then |Cy| = |C2| > 1.

Since G/D is cyclic and D is a maximal abelian subgroup of G, we find by Lemma
12.12 of [6] that |D| = |D N Z(G)||G'| = |Z(G)||G’| because Z(G) < Cg(D) = D. Thus,
we conclude that |D : Z(G)| = 2, which means |G : Z(G)| = 4. In fact, since Z(QG)
acts frobeniusly on V;, we know that C; NZ(G) = 1, that is, D = Cy x Z(G) because
|D : Z(G)| = 2. Tt follows that 2 = |Ci| = |Cs|. Since the action of Z(G) on V is
Frobenius, we have Cg(v) NZ(G) = 1, and hence, as G is nonabelian, Cg(v) X Z(G) < G
for all 0 # v € V. This gives us |Cg(v)| = 2 for all nonzero vectors v in V' because
|G : Z(G)| = 4. (We pause here to remark that at this point, to finish this case we could
use the complete classification of imprimitive linear group actions with all orbits having
the same size and not being regular, as provided for the solvable case by [17, Proposition
1.3], but we prefer to give an independent argument here that is more in the spirit of the
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arguments used throughout this paper.) Moreover, ®(D) = ®(Z(G)) < ®(G) < Z(G) and
observing that Z(G) is a cyclic group and |G : Z(G)| = 4, we conclude |G : ®(G)| = 8.
Since we have |Cg(v)| = 2 for all nonzero vectors v in V and Cg(V) = 1, we have at
least two different elements a and b in G — Z(G) such that o(a) = o(b) = 2. Observe that
a and b are not in ®(G) because ®(G) < Z(G). Thus, there exists z € Z(G) such that
G/9(G) = (a®(G),b®(G), 28(G)). This leads to G = {a, b, ¢) since ®(G) is equal to the
set, of non-generators of G.

Next we will show that U := (a,b) & Dsg. It is well known that a group generated by
two involutions is a dihedral group and hence |Z(U)| = 2. Suppose that U = (a,b) =
Dyn and n > 3. Clearly U/®(U) = (a®(U),b®(U)). Let € U be of order 8. Then
z®(U) € U/®(U) and 2? € ®(U) < ®(G) < Z(G). It follows that x? € Z(U), but as
22 is of order 4, this is a contradiction to |Z(U)| = 2. Thus, we get n = 3 and the
desired conclusion that U = (a,b) = Ds. It follows that G = (a,b,¢) = Dg o Z(G). Now
if |®(G)| > 4, then by Lemma 2.6, G has a regular orbit on V, which is a contradiction.
This shows |®(G)| = 2, as desired. Thus for the rest of the proof, we shall assume that
D is a nonabelian group.

Step 3.2. D is a nonabelian group.

Observe that D’ = G’ is of order 2. We next show that C; > 1 for : = 1,2. To do
this, let us assume that C; = Cy = 1. Since D acts faithfully and irreducibly on V7, we
conclude that Z(D) is cyclic and D’ becomes a unique minimal normal subgroup of D.
By Theorem 2.1, we know that |D : D’| < My < M. If My = M, then |[vP| = M for some
v1 € V1, and hence vy is also in a maximal orbit of G on V. This gives us a contradiction
[vf| > [vP| = M because v{ C Vi whereas v{' ¢ V1. It follows that |D : D'| < M; < M,
and hence we get

M >2M, >2|D:D'| > |G: G| = M.

This leads to |D : D'| = M;. By induction, we obtain that D’ = ®(D) is of order 2. Since
D/®(D) is an elementary abelian group, it follows that Z(D) is cyclic of order 2 or 4, and
as ®(D) < Z(G) < Z(D), we conclude that Z(G) = ®(D) = D’ or ®(G) < Z(G) = Z(D).
Since G’ is the unique minimal normal subgroup of G, we have by Lemma 12.3 of [6]
that G/Z(G) is an elementary abelian group and |G : Z(G)| = x(1)? for all nonlinear
irreducible characters x of G; in particular, ®(G) < Z(QG). Thus, if Z(G) = ®(D) = D/,
then we get |®(G)| = 2, as desired. Let us assume that ®(G) < Z(G) = Z(D). We observe
that D (still by induction) is the group as in the case (b) of the theorem, and so we have
|D : Z(D)| = 4. By considering the fact that x(1)? = |G : Z(G)| = 2|D : Z(D)| = 8, we
get a contradiction. From now on, we shall assume that C; > 1 for ¢ = 1, 2.

By Theorem 2.1, we consider, as usual, the inequalities that |D : D’'Cy| < M; and
|C1: Cl| < My. If |D : D'Cy| < My and |C; : C1] < Mz, we obtain a contradiction by
(5).

Let us suppose that |D : D’Cy| = M;. Since D/C is nonabelian, we get |(D/C1)| = 2,
that is, D' N C; = 1 because |D’| = 2. Also, since we have C{ = Cy for g € G — D
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and D’'C; is a normal subgroup of G for i = 1,2, we obtain D’C; = D’C5. This shows
C1Cy < D'Cy. In fact, C1Cy = D'Cy because |D'Cy/Cq| = 2 and C; and Cy are disjoint
subgroups of D'C}. Since |D’'Cy/C4| = 2, we further obtain that |Ci| = |Cs| = 2, and
thus C; < Z(D) for i = 1,2. Since C; is abelian, it has a regular orbit on V3, which
forces My = |C1| = 2 and, in particular, |Cy : Cf| = M. Let us pick v; € V; such that
|vP| = M;. Hence we have

|D: D'Ci| = |D/Cy: (D/Cy)| = [vf’| = |D: Cp(w1)],

which shows that |Cp(v1)| = |D'C1| = 2|C1| = 4, and hence Cp(vy) is abelian. Assume
that the action of Cp(v1) on V3 is not faithful. Since |Cy] = 2, then Cy < Cp(vy). As
clearly C; < Cp(v1), altogether we have Cp(v1) = C1Cy < Z(D), which obviously is
not possible. Thus Cp(v1) acts faithfully on V5. Then the abelian group Cp(v1) has a

regular orbit vch(vl) on Vs for some vy € V5. Since

1D : Cp(vy + v2)| = |D : Cp(v1) N Cp(ve)| = |D : Cp(w1)| 0S| = |DJ,

we deduce that v + vo is a regular orbit of D on Vp. This is a contradiction because by
Lemma 2.7(a) we have Mp = M1 M, = |D : D'C1||C1| = (|D]/4) -2 = |D|/2.

We now consider the last case where |D : D'Cy| < My and |Cy : C}| = Ms. By (6),
we have My = 2|D/Cy : (D/C1)'| = |D/C4|, and hence D/C} has a regular orbit on ;.
Moreover, since D'Cy; = D'Cy = C1Cs and |D'Cy/C1| = 2, we conclude that C; and Cy
are of order 2. Also, C7 = C1C5y/Cy is a subgroup of Z(D/Cs), which acts frobeniusly
on V3, so Cp acts frobeniusly on V5. Now let g € G — D. Assume that D has at least two
nontrivial orbits O; and Os on V;. We may assume that O; is a regular orbit of D/C,
that is, |O1] = |D|/2. Note that then O and Of are two distinct orbits of D on V5. Now
let 1 € O1 and 22 € OF, so in particular z; € V4 and 5 € V5. Since z1 is in a regular
orbit of D/Cy on Vi, we conclude that Cp(x1) = Cy and C¢, (x2) = 1, and so if we let
v = x1 + X2, then v is in a regular orbit of D on V. Since G has no regular orbit on V'
and |D| = [vP] < |[v¥] < |G|, we deduce that |Cg(v)| = 2, and so Cg(v) = (y) for some
y € G—D. Since G is a disjoint union of D and Dg, we can write y = dg for some d € D.
We then have

v=1Y €0y +(08)Y = O + (0§)% = O + 0§% = 0y + 02 = 0, + O,  (9)

where the penultimate equality in Equation (9) follows since gdg = g?9~'dg = g?d? € D
as g € D and d? € D. Now Oy C V; and O C Vs, so from Equation (9) we conclude
that 1 € Os. But recall that also z1 € Oy, so altogether we have z; € O N Oy = (),
which is a contradiction. This shows that D has exactly one nontrivial orbit on Vi,
and this orbit is a regular orbit of D/Cy on Vj. In other words, V; is a D/Cj-module
such that D/C; permutes the nonzero elements of V transitively. Hence Theorem 6.8
of [15] tells us that D/Cy is a subgroup of the semilinear group I'(V7), and furthermore
2" = |D/Cy| = |[Vi] =1 = ¢"™ — 1 for a prime ¢ and positive integers n and m. From
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Proposition 3.1 of [15], we have that n = 1 and ¢ is a Fermat prime or n = 2 and
m =q=3.1f n =1, then I'(V]) becomes an abelian group. Since D/C; < I'(V1), then
we have a contradiction that D/C} is an abelian group. If n = 2 and m = ¢ = 3, then
D/Cy = Dg. This leads to the contradiction that Dg cannot have a regular orbit on V.
This final contradiction proves that |®(G)| = 2.

Step 4. G is one of the groups in the theorem.

By Steps 3 and 4 we have G’ = ®(G). Since Z(G) is cyclic and G/®(G) is an elementary
abelian group, then we conclude that [Z(G)| < 4. By Lemma 4.2 of [3], we obtain that
G = FZ(G), where E is an extraspecial 2-group. It now follows from Lemma 1.5(i) of
[16] that G is one of the groups in the theorem, and so we are done. 0O

The reader should note that the group in the case (a), (b) and (c) of Theorem A has
exactly two, three and five different orbits of maximal size M = |G : G’| on the irreducible
faithful module V', respectively. Thus, we confirm Theorem 1.2 and Conjecture 4.1 of [9]
and Theorem 2 and Conjecture 1 of [10].

4. Proofs of Theorem B, Theorem C, and Corollary D

Before giving the proof of the theorems, we need a lemma, which could also be obtained
by using GAP.

Lemma 4.1. Let G be a finite group and let V' be a finite faithful irreducible G-module.
Suppose that G and V' are one of the groups and modules in Theorem A. If H < G, then
H has a reqular orbit on V.

Proof. We clearly may assume that H is a maximal subgroup of G. Then |G : H| = 2. If
H is abelian, it has a regular orbit, and we are done. So suppose H is nonabelian, and,
in particular, G % Dg. Then |H'| = 2. Note that all nontrivial orbits of G on V' have size
|G|/2. Now assume that H has no regular orbit on V. If 0 £ v € V, then, as |G : H| = 2,
we see that |G|/2 = [v¥| < 2- [v|. Thus, all nontrivial orbits size of H on V must have
size |H|/2. So if G = Dg o C4, then V is an irreducible faithful H-module where the
largest orbit size of H on V is |H : H'| and |H| = 8, which gives us a contradiction by
Theorem A. If G = Dg o g, then H acts completely reducibly on V' with 10 orbits of
size 8 = |H : H'|, which is the largest orbit size of H on V. Hence Theorem B applies to
the action of H on V and easily leads to a contradiction. O

Proof of Theorem B. Put M = |G : G’|. We work by induction on |GV|. Clearly we may
assume that G is nonabelian. We write V = X @ Y for an irreducible G-submodule X
such that G/Cg(X) is nonabelian, and for a G-invariant complement Y of X in V. Note
that G/Cqc(Y) acts faithfully and completely reducibly on Y with Cy(G/Cq(Y)) =0
and also, |G/Cq(Y) : (G/Ca(Y))'| is the largest orbit size in the action of G/Cq(Y)
on Y by Lemma 2.3. We now apply induction to the action of G/Cg(Y) on Y and
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obtain that G/Cq(Y) has the desired structure. In particular, G/Cg(Y) is the direct
product of n nonabelian groups G; for i = 1,...,n, each of which is isomorphic to one
of Dg, Dg o Cy4, Dg o QQg, and an abelian group A. Moreover, Y is the direct sum of n
irreducible G-modules Y; on which G acts nontrivially iff ¢ = j, and some faithful A-
module Y, ;1. In particular, if for any ¢ € {1,...,n+ 1} we denote W; to be the direct
sum of all Yj such that j # 4, then we see that G/C¢(Y) is the direct product of all
Ca/cqyy(Ws) fori=1,..,n+1.

First assume that G'NCq(Y) = 1 and write G = G/Cg(Y). We note that then C(Y)
is contained in Z(G) and as it is easily seen that Cq(Y) = Cq(Y)Ca(X)/Cq(X) is a
subgroup of Z(G/C¢(X)), and hence Ce(Y) becomes a cyclic group. Since Cg(Y) acts
faithfully on X, we see that the cyclic group Cg(Y) actually acts frobeniusly on X. For
i=1,...,n we know that Cx(W;) is isomorphic to one of Dg, DgoCy, DgoQsg. Let y € Y be
in an orbit of maximal size of G on Y, that is, of size |G : G’'Cq(Y)| = |G : G'|/|Ca(Y)].
Then Cx(y) is elementary abelian of order 2. Note that by Lemma 2.3 we have that
|G : G'| = |G : Ca(y)| and thus,

G'| = 1G'| = |Caly)| = 2.

More precisely, [Co,w,)(y)| = 2 for i = 1,...,n, and clearly Cc (w,)(y) is not normal in
Ce(Ws).

Now put C' = Cg(y) and observe that since Ci(y) is abelian, we know that C’ <
Ce(Y), and since G' N Cx(Y) = 1, it follows that C' is abelian. Now consider the action
of C on X. Since C is abelian, C'/C¢(X) has a regular orbit on X. Hence if x € X is in
such an orbit and if we let v = z + y, then

Ca(v) = Cg(z)NC = Co(r) = Co(X) = Co(X)Ca(Y)/Ca(Y)

is elementary abelian of order at most 2", and Cg(v) < Cg(X). If the order is strictly
smaller than 2", then |Cg(v)| < |G’|, which contradicts that |G : G| is the largest orbit
size of G on V. Thus |Cg(v)] = 2™ and Cg(v) is elementary abelian. Since Cg(v) <
Ca(X), clearly Cq(v) N Cq(Y) =1, and hence Cg(v) = Ce(v)Cq(Y)/Ca(Y) < Caly).
On the other hand, since all groups in the last inequality have the same order 2", we
obtain that Cg(v) = Cs(y) and the actions of these groups on Y are equivalent.
So we know that Cg(v) < Cg(X)<G. Therefore Cq (X )NCq(W;) is a normal subgroup of
Cg(W;) for i = 1,...,n which contains Cow,)(v) = Ce(w,)(y), which is of order 2. In
particular, Co(X)NCq(W;) > 1, and hence Cq(X)NCq(W;) contains G'NCq(W;), which
is of order 2. Since this is true for all i = 1, ..., n, it follows that G’ < C¢(X). However,
we know that G/Cg(X) is nonabelian and hence 1 < (G/Cq(X))' = G'Cq(X)/Ca(X),
which implies that G’ is not a subgroup of C(X). This contradiction shows that G' N
Ci(Y) =1 cannot happen. So from now on we know that G' N Cg(Y) > 1.

Now let y € Y be in an orbit of maximal size of G on Y. Then Cg/c.v)(y) is
elementary abelian of order 2", and since by Lemma 2.3 we know that
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ICarcamn W) = (G/Ca(Y))| = 1G'Ca(Y)/Ca(Y)] = |G'/(G'N Ca(Y))] < |G']. (10)

Now assume that Cg(Y) = Cq(Y)Cq(X)/Ca(X) < G/Cg(X). By Lemma 4.1, we
know that there is an € X such that Cc,(y)(2) = 1. Thus Cg(z) is isomorphic to a sub-
group of G/Cq(Y'). Hence if we let v = x4y, then Cg(v) = Cq(2)NCa(y) = Coy () (y) is
isomorphic to a subgroup of G/Cq(Y'), and hence |Cg(v)| < |Caycq(v)(y)| < |G’|, where
the last inequality follows from (10). This shows that M > [v%| = |G : Cq(v)| > |G : G|,
a contradiction. Therefore Cq(Y) = Ca(Y)Cq(X)/Ca(X) = G/Cg(X), and hence
|G| = |Ca(Y)||Ce(X)] and clearly Cg(Y) N Ce(X) = 1. Thus G = Ce(Y)Cq(X) =
Ca(Y) x Cg(X) and Ce(X) = G/Cq(Y), and the action of C(Y) =2 G/Cq(X) on X
has the desired structure by Theorem A. Altogether the theorem follows. O

Remark 4.2. Theorem B provides another proof of Theorems 1.4 and 1.5 of [4].
We now give the proof of Theorem C and Corollary D.

Proof of Theorem C. By Theorem 2.8 of [18], we know that |G : G'| < M, where M is
the largest orbit size in the action of G on V' and Theorem 2.1 remains true for all finite
groups when G acts faithfully on arbitrary finite vector space V' with char(V) = p and
0,(G) =1 for a prime p. Since |G : G'| = M, we thus have that G is a nilpotent group.
Since O,(G) =1 and G is nilpotent, we conclude that p does not divide the order of G.
It follows that V' becomes a completely reducible G-module. Considering the fact that
char(V) = p and Theorem B, we get the desired result. O

Proof of Corollary D. We know from Corollary 13 of [21] that if I(B)’ has prime order or
order 4, then k(B) < |D|. Thus, we may assume that |I(B)’| = 6. By Theorem 2.1, if we
choose an element z € D in a maximal orbit of I(B) on D, then |I(B) : I(B)'| < |I(B) :
Crpy()|, which gives us that |Cyp)(z)| < [I(B)'| = 6. If |[Cpy(x)| < |[(B)'| = 6,
then by Lemma 14.5 of [20] and Proposition 11 of [21] we have k(B) < |D|. Therefore,
we may assume that |Crpy(z)| = [I(B)'| = 6, which implies that |[I(B) : I(B)'| is the
maximal orbit size in the action of I(B) on D. By Theorem 2.1, I(B) is abelian or is a
nilpotent group having at least two different orbits of maximal size on D. Since I(B) is
nonabelian, we have the latter case. By Theorem B, we have that I(B)’ is an elementary
abelian 2-group, contradicting [I(B)'| =6. O

5. Outlook

‘We conclude this paper by making a few remarks on possible future research directions
related to our results in this paper. First note that the groups we obtain in our results
are all 2-groups of class two satisfying some special conditions. We arrived at them by
imposing an extremal orbit condition on a linear group action. One now could go the
other way round and ask: If we impose some special conditions on the groups, what does
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this mean for the orbit sizes in their linear actions on finite vector spaces? For example, in
[5] the authors study p-groups which satisfy what they call the strong condition on normal
subgroups. Without going into detail here, we mention that they obtain restrictions in
the character degrees of such groups, that is, the dimensions of the modules over C they
act on linearly. The groups in our Theorem A satisfy the strong condition. Therefore
it might be interesting to study whether the strong condition has any influence on the
orbit structure of the groups on finite modules.

In a similar vain, we already observed in the Introduction that Theorem A can be
viewed as a generalization of a result by Passman [16, Lemma 1.5(i)] on the orbits of
special groups called groups of type E(p,m). It characterizes when such groups have no
regular orbits in a linear group action. Now Part (ii) of [16, Lemma 1.5] characterizes
those linear group actions of groups G of type E(p, m) which have an orbit of size |G|/p,
and again this forces p = 2, and there are only three very special actions satisfying this
condition. Is there a generalization of this result to arbitrary finite groups similar in
spirit to the generalization that Theorem A is to Part(i) of [16, Lemma 1.5]?
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